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A GAUSS-LAGUERRE APPROACH FOR THE RESOLVENT
OF FRACTIONAL POWERS*
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Abstract. This paper introduces a very fast method for the computation of the resolvent of fractional powers of
operators. The analysis is kept in the continuous setting of (potentially unbounded) self-adjoint positive operators in
Hilbert spaces. The method is based on the Gauss-Laguerre rule, exploiting a particular integral representation of
the resolvent. We provide sharp error estimates that can be used to a priori select the number of nodes to achieve a
prescribed tolerance.
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1. Introduction. Let H be a Hilbert space with inner product (-, -) and induced norm
Il - |I. In this work we are interested in the computation of the resolvent of the fractional power

Ria(L) = (I +hL)™,

where h > 0, 0 < « < 1, I is the identity operator, and £ : H — H is a self-adjoint,
positive operator. The problem finds application in the solution of fractional-in-space parabolic
equations like

aa—(t] =AU+ F,

where A, denotes the fractional Laplacian that can be defined following the rule of the
operational calculus as A, = —(—A)<, in which A is the Laplace operator with suitable
boundary conditions. In the above equation, F' represents a generic forcing term. Starting
from the spectral decomposition of A, the operation (—A)® is obtained by simply raising to
the power « the eigenvalues of —A. Denoting by A € RY*N a general symmetric positive
definite discretization of —A, the use of an implicit time stepping procedure leads to the
computation of one or more matrix functions of the type Ry, (A), where h > 0 is a parameter
that typically depends on the time step and on the coefficients of the integrator.

Going back to a generic £: H — H, clearly the numerical approximation of Ry, (L)
requires the discretization of £. Anyway, since we want to keep the analysis independent of
the type and the sharpness of the discretization, we prefer to work in the infinite-dimensional
setting of an operator £, with spectrum o (L) contained in [a, +00), a > 0, thus potentially
unbounded. Since we do not introduce any restriction on the magnitude of h, without loss of
generality throughout the paper we assume for simplicity a = 1.

The numerical approach considered in this work employs a particular integral representa-
tion of the function Ry, o(A) = (1+hA*)~1. With some manipulations explained in Section 2,
the representation allows us to write Ry, (A) as the sum of two integrals, that is,

(L.D) Ry (y) = 20T (10 +12W).

aTr

*Received September 6, 2022. Accepted June 23, 2023. Published online on August 21, 2023. Recommended by
Miodrag Spalevié.

+Dipartimento di Matematica e Geoscienze, Universita di Trieste, Trieste, Italy
(eleonora.denich@phd.units.it, lauragrazia.dolce@studenti.units.it,
novati@units.it).

517


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at
http://doi.org/10.1553/etna_vol58s517

ETNA

Kent State University and
Johann Radon Institute (RICAM)

518 E. DENICH, L.G. DOLCE, AND P. NOVATI
with
+oo e~ T
(1.2) IM) = / — dz,
0 (1 + e*EhE)\) (e72* 4 2e~* cos(am) + 1)

+00 1 —-1,—x
(1.3) 1) ::/ P ol - L
0 (e—aTl + ha )\) <e_aT1 + 2e” =+ cos(am) + 1)

which we evaluate by using the n-point Gauss-Laguerre rule. This formula leads to a rational
approximation Ro,_1,2n(A) = Rpa(A), Where Ron—1.2n = P2n—1/¢2n, Pan—1 € Hopn_1,
G2n, € Ila,. Here and below we use the symbol = to indicate a generic approximation. Finally,
we thus obtain

dx,

Rh,oc (;C) = R2n—1,2n(£)7

in which the degree 2n of the denominator also represents the number of inversions of suitable
shifts of the operator L.

Thanks to the existing error estimates based on the theory of analytic functions, we
are able to derive sharp error estimates for the operator case. This is possible because
(0(£) € [1,400))

(1.4 [Rh,a(L) = Re—1,6(L) 1 < x| IRh,a(A) = Ran—1,2n ()],
where || - |27 is the induced operator norm. The bound (1.4) allows us to study the error

by working in a scalar setting. This analysis shows that, by using the same number n of
Gauss-Laguerre points for both integrals, the error decays like

exp(—const . n1/3).

Nevertheless, exploiting the sharpness of the estimates, we are able to remarkably improve the
efficiency of the method by balancing the error contributions of the two integrals, together with
a suitable truncation of the Gauss-Laguerre rule. In this way we show that the error decays like

exp(—const - ql/Z),

where ¢ < 2n represents the number of inversions.

We remark that the analysis given in the paper is rather complicated, and we have
been forced to use a number of approximations which are sometimes the consequence of
experimental evidences. Nevertheless, the final estimates appear to be very accurate, and this,
somehow, justifies our choices.

The computation of the resolvent Ry (L), where £ is an unbounded operator, has
already been studied in [3]. The particular case of £ representing a matrix has been considered
in [14], where the shift-and-invert Krylov method is employed, and in [1], where the rational
Krylov method based on the use of zeros of the Jacobi polynomials is considered. We
remark that the approach proposed here can also be employed to define the poles of a rational
Krylov method. Since Ry, o(A) ~ +A™%, for A — o0 (the symbol ~ denotes asymptotic
equivalence), in principle one may use the poles of a rational approximation of A~ (see, e.g.,
(2,6,7,8,9,10,11, 12, 17, 18, 19]) also for Ry, o (A). Clearly, working directly with Rj, o ()
allows one to obtain better results.

This work is organized as follows. In Section 2 we derive the used integral representation,
and we describe the Gauss-Laguerre method. In Section 3 we study the error in the scalar
case. In Section 4 we extend the analysis to the operator case. Finally, in Sections 5 and 6
we present some improvements based on the properties of the integrand functions and on the
asymptotic behavior of the Gauss-Laguerre weights.
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2. The Gauss-Laguerre method. Let A\ € C\ (—o0, 0], and consider the Cauchy integral
representation

1
Riva(N) = 5 /F(z ~ NN+ )z,

where I" is a contour in C \ (—00,0) containing A in its interior. The first step for the
construction of our method is to select I' as the boundary of the sector of the complex plane
with semiangle arr and vertex at the origin, that is,

r=r,:=riur,,

where I'T = {w|w = pe*®™ p > 0}. Then, the change of variable z = (%)1/(1 leads to

1 1
Rh,a()‘) = 1 / 1 1 wé_ldw-
2miah= Jr, (wE Ta — )\) (14 w)

Now, defining w = pe’™® for w € T'}, w = pe~" for w € I';, and running T, in the
counterclockwise direction, we obtain

1 gimgian

Rp,a(A) = % /+°° P dp
2miaha 0 peita (pée”h_i - )\) (1 + petiar)

1 —im  —iam

“+o0 Le e
+ / ——— ——dp
0 pe~ira (p;e—wrhfg _ )\) (1 + pe—zaﬂ')

i
pa

sin(am) /+°°
am Jo (pé + h& )\) (14 2pcos(ar) + p?)

2.1) = dp.

We remark that the integral representation (2.1), with A replaced by a regularly accretive
operator £, was derived by Kato in [15]. Now, by the change of variable p = €Y, we obtain

a+1

Ria(N) sin(a) / e e’ dy
h,o = Y 1
am  J-oco (eE + ha= )\) (14 2cos(am)ey + e2¥)

sin(a) ey

“+o0
am [A (1 +tedha /\) (e72¥ 4 2 cos(am)e ¥ 4+ 1)

0 atl,

dy

2y
+/ y 1 - dy :
—oo (eE + ha )\) (14 2cos(am)ey 4 e?v)

Using for the second integral the further change of variable —z = O‘T“y, we finally obtain

equation (1.1), in which the integrals (see (1.2) and (1.3)) can be written as

+oo
1\ = / " fi(@)dr, i=1,2,
0

with
—z 1 -1 —9 _ —1
22 fi(z) = (1 tewht /\) (72" 4 2¢" cos(am) + 1) ",
e -1 Cn Cpaw —1
(2.3) fa(z) == i (eaTl + hé)\) (1 + 2cos(am)ea+t + e%ﬂ) .
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REMARK 2.1. The functions f; and f; depend on A in the scalar case or on L in the
operator case. To keep the notation as simple as possible, we omit this dependence since it is
always clear from the context.

Remembering that we assume o (L) C [1, +00), we restrict our considerations to the case
A > 1. In this situation, we observe that for z € [0, +00) we have 0 < f;(z) < K;,i = 1,2,
where
2.4 Ki=1 and Ky =

% _hw
a+1
By using the Gauss-Laguerre rule, we then approximate the resolvent (cf. (1.1)) by

. sin(am) ; —~ n
(2.5) Rpa(h) = =200 [I}P(A) + I,(f)()\)} . where IO() =3 w fi(a(M),
j=1
in which m;n) and w§"), for j =1,...,n, are, respectively, the nodes and the weights of the
n-point Gauss-Laguerre rule. In the sequel we denote by
2.6) ef) =100 —IPM), =12
the corresponding errors. Clearly, (2.5) is actually a rational approximation of type
n—1(A
Rh,a(/\) = R2n71,2n()\) = Ll()a P2n—1 € H2n717 q2n S H2n~
q2n()‘)

3. Error estimates in the scalar case. Let f be a generic function, analytic in a region
of the complex plane containing the positive real axis. Let

“+o0
1= [ e

and I,,(f) be the n-point Gauss-Laguerre rule. In order to estimate e, (f) = I(f) — I,(f),
we employ the theory introduced in [5]. Let us define for any S > 1 the parabola I's in the
complex plane given by

(3.1 Re(v—2) = In(S).

I's is symmetric with respect to the real axis, it has convexity oriented towards the positive
real axis, and a vertex at —(In(S))?2. By writing z = a + ib, equation (3.1) becomes

\/ 7vaz+zlhl =1In(S),

and thus we can rewrite the parabola in Cartesian coordinates as

(3.2) a= (0> —4(In(S))*) m.

Observe that for S — 1 the parabola degenerates to the positive real axis.

Suppose that for a certain S the function f is analytic on and within I's except for a pair
of simple poles zy and its conjugate Zy. Then, the error can be estimated as follows (see [5]):

(3.3) en(f) =& —4nRe {r(f; z0)e” 0 (e\/jo) 2\/71} ,

where @ = 4n + 2 and r(f; 2¢) is the residue of f at zy. Let Sy > 1 be such that 2z and Z
belong to I's,. Then, by (3.1) and (3.3) we have that

(3.4) len(f)] = const - 80_2‘/%.
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3.1. Poles and residues. In order to employ the above theory to estimate the error of
the approximation (2.5), we have to study the poles and residues of the functions f;(z) and
f2(z); see (2.2) and (2.3). For both functions, the key point is to understand the poles closest
to [0, +00), where the distance is expressed by Sy; see (3.4). For simplicity, we define the
auxiliary functions

aD(z):=1+ e ha ), aD(z) := e72% 4 2e 7% cos(am) + 1,
a0 (2) 1= €331 + ha ), aUV)(z) =1+ 2cos(am)eatt + e wiT,
so that
—1 1
— g (I1) _ @ (ITI) (Iv)
1@ =[P E] L ) = S [0 EEE)]

3.1.1. The first integral. The poles of f; are obtained by solving a")(2)a!D) (z) = 0.
Starting from a!)(z) = 0 we obtain the set

2= aln(h=A) +i(2k + Vax, ke

The points closest to [0, +00) are therefore

(3.5) z(()l) =aln(h#A) +iar
and its conjugate, obtained for k = 0 and k = —1. As for the poles arising from a(/")(2), we
obtain

A= i@k +1+a)r, keZ,

and now the closest ones to the real axis are

(3.6) A =i(1 - a)n

and its conjugate. In order to estimate the error 6511) (A\) (see (2.6)), letT" SUD be the parabola
0

(()H). If it contains z(()l) in its interior, then we use the error for-

mula (3.3) with zg = z(()I), otherwise with zg = z(()H). By using the Cartesian expression (3.2),

it is rather easy to demonstrate that z((]l) is inside I’ SUD for
0

passing through the pole z

1 200 — 1
3.7) In (hE)\) > ;;(‘1_)03
Defining
— 20 — 1 1
3.8) A= exp (M) h™ =,

we simply write A > \ to express condition (3.7). We remark that, depending on & and «, this

condition may be verified for each A > 1, or eventually, only for A sufficiently large.

As for the residues of f; at z(()l) and z(()H), after some computations one finds

(1) 2)\2a
Ly lim 20 ah?)
r(fi529 ) o1 (D) Z_lfg,) aD(z) — e-2iam 1 2\ cos(am)e— o™ + h2\2a

II -
1 . z—zé ) 1e ' m

= —— lim = .
a (2 o520 alD(2) 2sin(a) (1 — e iaha )\)
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3.1.2. The second integral. Following the same steps of Section 3.1.1, we obtain the
poles of f, by solving a1 (2)aV) () = 0. Starting from o/ (z) = 0 we find the set
2= (a4 D In(h* \) +i(2k + 1) (a+ D, ke Z,
and the closest points to the real axis are
3.9) AT = —(a+ 1) In(h* \) + i(a+ D
and its conjugate. By solving a{/")(z) = 0 we obtain

a—+1

2 =ik +1+a) T, kez,

and now the closest ones are

(3.10) V) _ iwﬂ

and its conjugate. Analogously to the first integral, we have to compare the parabolas passing

through z(gIH) and zélv). With some computations it is not difficult to see that zé”l) is inside

the parabola I' ¢rv) passing though zélv) if
0
1 20 — 1
In (h#2) < _(a=Dr
2a(1 — @)

It may happen that the above condition is not satisfied for any A > 1. Hence, it must be
replaced by

- = (2a—1)x
3.11) 1<A<\ where A= max{Le—W—wh*%} .

IfA= 1, then the pole to consider is always zélv).

For what concerns the corresponding residues, we obtain

S
o0 (Oé+ 1)@(1‘/)(2(()[[[)) Z_)Z(()III) (Z(III)(Z)
— o
ha (14 2cos(am)(—1)hA® + (—1)20h2\20)
and
r(fzg)) = - Tt
2520 (a+1)a<’”>(z§fv>) V) a(IV)(Z)

,L'el()éﬂ'

i(l—a)m

2sin(am) (eT + hé)\) .
3.2. The final estimates. In order to apply (3.3) it remains to evaluate the terms
exp (fz((]')) and exp ( z(')>, where 2{”

By (3.5), (3.6), (3.9), (3.10), we immediately have

represents one of the four poles to be considered.

—iam
T R

exp(—zéﬂl)) _ (71)a+1h“L—t1)\a+1,

exp(—z) =

)

exp(,zélv)) _ ei(l—a)(ia+1)7r '
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()

As for the quantity 1/ —z;’, using the relation
2
—iwzg(l—i)\/@, w >0,
we obtain

V-0 = \f ) =it (V) N g :
ﬁ \/7 Y+iv(N), -z = g (1—14) wﬁ’

where

(3.12) AEN) = \/\/(m(hix))? + 72 +In(h=\).

Using the above results and the residues of Section 3.1 in (3.3), we are finally able to write the
error estimates for both integrals. For the first one we have

—\/ﬁ(w*(x)ﬂwﬂx))

o ae 2T R Ye
4mRe e—21am L 2N cos(am)e O™ +h2 )2

) it A > N,

(1)()\) o~
en - s —(1—1i)4/ —a)Tn -
—orRe [ =i 2(_1ﬂ )1 ) if 1 <A<,
sin(am)(l—e” "aha X)

() defined in (3.8)), and therefore, by taking the modulus,

Wl Ja ) AN,
en’ (A)] = (II) . <
gn T(A) 1< A<,
where
4rah e~ V2emy™ ()
(3.13) ¢\ = - VTt
|e=2iam 4+ 2h A cos(am)eiom 4+ h2\2|
Ime~ 2(1—a)mm
(3.14) gID () = —

sin(am) ’1 — e 'a hé)\‘

We refer to Figure 3.1 for some experiments, where n = 30 is fixed and where we consider
the behavior of these functions for A € [1, 1016] for different values of « and h.
REMARK 3.1. From a theoretical point of view, the estimates (3.13) and (3.14) will

not be accurate for \ close to A and are incorrect for A = \. In this situation the poles

z(g]) and zéH) are such that the corresponding parabolas I" Ss I SUD overlap, and then the
0 0

analysis should take into account the contribution of both poles in the computation of the
residues. Nevertheless, as is clearly shown in Figure 3.1(a), 3.1(b), the true error is very well

approximated by q( )()\) in the whole interval. In the particular case of A = X and o = 1/2,

we have that z(() ) = é”), and then formula (3.3) does not work because of a double pole;

see the peak in Figure 3.1(c). In order to explore this situation without weighing down the
theory in Section 4, we employ some simplifications that come from the evidence that, unlike
the estimates, the true error does not explode; see Figure 3.1(d), representing a zoom of
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1010 F oo b

1015 L L L L L L L 10718 L L L
0 10 12 14 16

8 10 12 14 16 0 2 s s s
logia(X) loaia(X)

(@ (b)

1010 F

1010 F

1020 L L L L L L
0 2 4 6 10 12 14 16

10511?)()\)
(©

FIG. 3.1. Behavior of the functions ‘esll)()\)‘, qﬁf)(A), qﬁLH)(A) fora =03, h =102 (a), a = 0.75,
h =103 (b), a = 0.5, h = 10~ (c). Figure (d) is a zoom of (c) around X\. In all cases n = 30.

Figure 3.1(c). The same considerations hold true for the second integral whose final results
are given below; see (3.15), (3.16).

For what concerns the error of the second integral, using (3.3) and the previous results,
we obtain

if1< A<,

a(—l)“hX”‘ei‘/2((’“)%(7“”*”_ ™)
ATRe | 55 cos(am) (CT)e AN T (=T)2h2N2a

2 Y
e;)()\) = o il—a)(ad D) 7(171»)( /Wﬂ . _
e ¢ = e if A >\

2miRe

(l—a)r

sin(ar) <e o +hé A)

where ) is defined in (3.11). Thus we have

n

(ITI) . =
o Ja A) 1< A<A,
2)()\)‘ { T(LI (A)

J(A) A > A,

where
Amrah\ —/2(a+1D)7y T (N)
(3.15) gD (N) = Tant :
11+ 2 cos(am)(—1)*hA* + (—1)2ah2)\2%|
9 _\/W
(Iv) ,_ e ¢
(3.16) q, (A= (o)

sin(am) ’e a4 hé)\‘.

We refer to Figure 3.2 for a couple of experiments.
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— el (V)]

1010

1020 -

1030

100

1050 |

1060 |

1055 L L L L L L L 1070 L L L L L L L
0 2 4 6 10 12 14 16 0 2 4 6 8 10 12 14 16

8
logio(N) logio(A)

(@ (b)

FIG. 3.2. Behavior of the functions \eg)(/\)L qSLIH)(A), qgfv)()\)fora =1/3, h=10""1(a)and a = 2/3,

h = 10"2 (b). In both cases n. = 20.

4. Error estimates for the operator. By using (1.1), (1.4), and the results of the previous
section, the idea now is to estimate the error of the method as follows:

sin(o
IRh.a(L) = Ri—1,16(L) | o = () (max {maxq,(f)()\), max_ qff” ()\)}
am A> 1<A<A

+ max { max_g{'D(\), max ¢{/") ()\)} > .
1<A<A A

The problem is then reduced to the evaluation of the maxima of the functions q('). Since these
functions are not very simple to handle, we are forced to use some further approximations.
Note that in the above formula we have included the boundaries ), )\, and thus it does not
work for o = 1/2; see Figure 3.1(c), 3.1(d). Nevertheless, the used approximation will allow
us to solve this issue.

4.1. Approximation of the maxima. We derive approximations of the maxima of the
four functions ¢, ¢\'", ¢ and ¢{/"”, defined in (3.13), (3.14), (3.15), and (3.16),

respectively.

4.1.1. The function q7(lI ). Independently of o and for n large enough, the function
reaches a relative maximum at a certain point \,, (Figure 3.1) and then goes to zero for
A — oo. The problem lies then in the computation of ), and since it grows with n, we
simplify (3.13) by observing that

1 1

. . ~ f A — 00.
e=2iom 1 9hAe cos(am)e o7 + h2x2a | h2n2a O >
Therefore, we can consider the estimate
4 —V2any” (A) _
@.1) gD = gD = =5 for A >

hA> ’


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

526 E. DENICH, L.G. DOLCE, AND P. NOVATI

By imposing %(jr(f) (\) = 0 and defining s = h= A, after some computation, we obtain

2 2
(Ins)2 + 72)(Ins + /(Ins)2 + 72) 7

Using In s < 4/(In 8)? + 72, we have that

4.2)

2 71'2

(Ins)2 4+ 72)(Ins + 1/(In s)% + 72) = 2((Ins)2 +72)2

This relation leads to the observation that if s* is the solution of (4.2), then there exists a
constant d, independent of n, such that

4.3) (Ins*)® > dn.
Now, by defining
7(s) := __ ,
1 (5)°
we have
(4.4) Ins =7(s)y/(Ins)? + 72,
and hence we can rewrite equation (4.2) as
2 2c

(7)) (s 4723 0

By (4.3), 7(s*) ~ 1, for n — 00, and therefore

_ 2\ 3
4.5) s* ~ exp l(?;) —71'2‘|

The above relation states that

o2\ 3
: ns*)? 472~ (2 )
(4.6) (Ins*)" + = (4a

Let \* = h~1/®s* be the point of a maximum of qﬁl) (A). Since

() = = ,
\/\/(1ns)2 +72+1ns

(cf. (3.12)), using (4.4) and (4.6), we have

) ~ ()t

By inserting the above relation and (4.5) in (4.1), we finally obtain

. 1

4.7) max (D (A) 2 ¢D (A,) ~ dmae= e T = gD
A> A

where

(4.8) c=3.-2"3>19
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4.1.2. The function qff ). For what concerns qu’) (M), everything depends on the term

oLt
4.9 1—e*aha)

A simple analysis shows that there is a maximum at
1
haX=cosZ.
(03

Therefore for o such that cos g < 0, the function is monotonically decreasing for A > 1. For
« such that cos g > 0, there is a maximum for A > 0 that may be smaller or larger than );
see (3.8). In any case, however, experimentally one observes that the true error is almost flat at
the beginning and then follows the approximation q( )( A) (see Figure 3.1), so that the idea is
to consider the approximation

(IT)

2 —v/2(1—a)mm
(4.10) max q,(LH)()\)% ks =g,

1<A<N sin(a)

which is obtained by neglecting the term (4.9) in (3.14).

4.1.3. The function qg IT), For n large enough, the function qif”) is monotonically

decreasing; see Figure 3.2. Thus we have

(4.11) max_¢/TD(\) = ¢ (1) = dnahe™V 2at1)ny™ (1)
1<A<A

)

where, as before, we have neglected the term

1+ 2 cos(am)(—1)*hA + (—1)2*h2\2|
in (3.15) to prevent the inaccuracy of our formulas whenever the poles z( ) and z((,IV) belong

to close parabolas. Experimentally we observe that the accuracy of the approximation (4.11)
is poor for small h and «.. The reason lies in the fact that the poles {z,(fn)} are too close
to each other, and therefore formula (3.3) is not an accurate approximation. Hence, in what
follows, we provide an estimate similar to (4.11) that is obtained by removing the dependence

on h, that is, by considering the worst case with regard to this parameter. To this end, let

2
o) =7t () =y (1) e B

see (3.12). It is easy to show that

™

=T

for h — 0. Now, by using the above approximation in (4.11), we obtain
(412) he™ \/2(a+1)nc(h ~ lnhf\/ o¢+1)n7'r\/>m —c —y—/Pr/ S f

where y = —Inh, 0 < y < o0, for h < 1 and p = 2(a + 1)7. Let us consider the function

§ly) =-y— f\[\f
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Since £’ (y) < 0 for y € (0, +00), we look for its maximum 7 by solving

§ (ol
(35

(4.13) £(7) = —cp? (%) w8,

which leads to

Hence, we have that

where c is defined in (4.8). By substituting (4.13) in (4.12) and going back to (4.11), we obtain
the new approximation

4.14) max_ qﬁLIH)(/\) > grae—c(aletDm®n)E _, gT(LIH).
1<A<X
4.1.4. The function qT(f V). The behavior of the function qgv) (M) is very similar to the
(11)

one of g, * (\). Therefore we consider the analogous approximation

9 _ fon G,
4.15) max gV () = T e 2B L giv),

sin(a)

4.2. Comparison of the bounds. By using (4.7), (4.10), (4.14), (4.15) we now have

sin(am
Ra(£) ~ Ronsan(Ollrosse < 0 (o2 s + 1620l
(4.16) = M (max (g,(f),g,(fl)) + max (g,(f”),gﬁfv))) .
fe %3
The next step is then the comparison of the sequences g('). We start with g,(f) and gén).

Clearly, gﬁf ) decays slower asymptotically, and we thus look for an n* such that g,(f) > gELI D

for n > n*. Hence, we have to solve, with respect to n,

2 2,1
2m 67\/2'&(1704)77 — 47‘(’0{676(7:”1 )3 )

sin(am)

By neglecting the factors before the exponentials and since n = 4n + 2, we finally obtain

8 at 1

417 R L A
“.17) T B —ap 2

1%

where c is defined in (4.8). By (4.17), we have n* > 1 only for a > o* = 0.47, and this is
experimentally confirmed. Therefore we have

"
4.18 e . Inax{ 0} (II)} _ ) n>n*,
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1070

1018
0

FIG. 4.1. The behavior of the functions gg)for a=0.7and h = 1072

The situation is very similar for g§f”> and gﬁfv) where we have to identify a value n** such

that gﬁLIH) > g,(fv) for n > n** by solving

_ 1 — (1— 1
4%&676((a+1)naﬂ2)3 _ 27 ef\/Qn%ﬂ.

sin(a)

As before, by neglecting the factors before the exponentials, we find

6 ol 1
B 1—a)Pl+a) 2

(4.19) n**

1%

Experimentally, we observe that n** > 1 only for a > o** = 0.55. Moreover, we have that
n** < n* for all o (cf. (4.17) and (4.19)). Finally, we then have

(D)
(4.20) €? .= max {ggﬂ)’ ;m} S S
gn 1 <n<n*™.

In Figure 4.1 we display the sequences gf{ ) for o = 0.7 and h = 10~2. The analysis just given
for gSLIH) and gﬁf V) will be important in the next section. Indeed, for what concerns the error

of the method considered so far, we just need to observe (see also Figure 4.1) that

max {gffll),gffv)} < max {gfll),g,(fj)} Vn,

and in particular that the ratio 6512) / 6511) decays exponentially. Thereby, we finally conclude

that

sin(ar) ()

Rho(L)— Rr_1(L =
[Rha(L) = Ri—1,k(L)]l2-n s
2 _2y1
@21 _sin(am) J4mae= TS n >,
’ (%8 27\'87\/m 1 <n< nx.

sin (o)
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—Error
----Estimate

10710

1010k

L L L L L 12 L L L L L
10
0 100 200 300 400 500 600 0 100 200 300 400 500 600

Number of inversions

FIG. 4.2. Error and error estimate (4.21) for the computation of Ry, (L), with h = 10~2. Different values of
« are considered.

In order to test the behavior of the method and the accuracy of the error estimate (4.21),
we consider the operator

(4.22) L = diag (10°,10%",...,10"?,10'°) .

In Figure 4.2 we display the results for some values of . Here and below we always consider
the spectral norm when working with matrices. While being very simple, the considered
operator represents more or less the most difficult situation. Working with Matlab it is also
possible to append the constant inf to the diagonal of £. The results are almost indistinguishable.

5. A balanced approach. In this section we present a modification of the Gauss-Laguerre
approach that allows us to reduce the number of inversions and hence the computational cost
of the method, without loosing accuracy. In fact, since the computation of the first integral
requires more points than the second one to achieve the same accuracy, the idea is to find
m < n such that

max (92”7973[ ! )) ~ max (957{”)7 gfiv))

and then to consider the approximation

sin(am)

RialL) = (1500 + 12 (£)).

aT

In this setting, we observe that the total number of inversions is n +m. By using (4.18), (4.20),
and since n** < n*, we have that m can be obtained by imposing

g’gfl) — gr(iV) lfl S n S n**7
ggll) :gy(iII) ifn*™* < n < TL*,

g\ = gUin) if n > n*.
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TABLE 5.1
The values of n and m (5.1) for o« = 0.6.

n |5 10 15 20 25 50 100
m |2 4 6 8 10 19 38

a=0.25 a=0.5 a=0.75

—Error
102 8) ---Estimate|

10710

107 L L L L L L 101t L L L L L L 1015 L L L
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350 0 100 200 300 400

Number of inversions

FIG. 5.1. The error of the balanced approach and the error estimate (5.2) for some values of o and h = 10~2.

After some simple computations, we find that

0‘2(5%:1)) _ % if 1 <n <n**andn > n*,
(51) m = 24/ (2n+1)(1—a)m+In(2a sin(am ?
( ( )(27(a)+l)047£2 ( ))> - % lf n** < n S n*.

An example is reported in Table 5.1, where m is defined by using the floor operator applied
to (5.1). The error is then finally estimated by (cf. (4.16)):

sin(am
62 [Ruall) ~ Buom e (D)l 2 20 s (gf0) 10

In Figure 5.1, working with the operator (4.22), we plot the error and the error estimate (5.2)
for some values of & and h = 1072. In order to have an expression of the estimates that
depends on the total number of inversions ¢ = n + m, by (5.1), we observe that for n > n*

Lo
m = n,
a+1
and therefore
20+ 1
q= n.
a+1

By using (4.7), (4.8), and (5.2) we then obtain

1
3

1Ria(L) = Ry—1,4(L) |32 = 8sin(am)e3(a5arro"w")
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Note that without balancing, that is for ¢ = 2n, again by (4.7) we have

ol

IRna(L) = Rg—1,4(L) | 1—p = 4sin(am)e?(390°7)

By comparing the two estimates we observe that, asymptotically, the speedup is then provided
by the constant

4 2a+2

- < <
3 2a+1

6. A truncated approach. In this section we present an additional approach, already
used in [4], to further reduce the total number of inversions without loss of accuracy. In
particular, since the weights of the Gauss-Laguerre rule decay exponentially (see, e.g., [13]),
the idea is to find k,, < n and k,,, < m such that we can suitably neglect the tails of the

quadrature formulas / m (£) and I, @ (£) and therefore consider the approximation

6.1) Rial(L) = w (1,51}(5) + 1) (c)) ,
where
kn km
IV =Y wfiE™) and 120) =" w0l faal™).
j=1 j=1

In this setting, the total number of inversions is k,, + k,,,. We start the analysis by recalling
that the sequences of error approximations of the two integrals, denoted by {e%l)}nzl and
{e%)}mzl (see (4.18), (4.20)), are such that 61(11) o~ 65721), because of the balancing introduced
in the previous section. Remembering that for the functions f; and f> (see (2.2), (2.3)) one
has that 0 < f;(z) < K;, i = 1,2, uniformly with respect to 1 < A\ < +oo and with K; as
in (2.4), we now have

+oo +oo
/ e T fi(z)dr < KZ-/ e ®dr, i=1,2.
0 0

(1)

At this point, let sy, (2)

and s;,’ be, respectively, the solutions of

+o00 +oo
Kl/ e %dr =€) and KQ/(Z) e Tdx = €?),

(1)

Sn Sm

From the above equations,

(1) (2)
(6.2) st = _1n n_ and s =_—1In fm .
n Kl m K2

Then, for the first integral we consider the truncated rule /. (}L), where k,, is the smallest integer

such that x;n) > s%l) for all j > k,,. We observe that

n

10(2) = ID(@) + 30w fu(ag”)

|10 ) - 10 )| H
j=kn+1 H—=H

HoH H

n n
<P+ Y wpEM) <R > wl
j=kn+1 j=kn+1
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Now, by using the bound (see [13])

(n)

w§n) < C(arg-n) — J}g-i)l)e_xj

where C' is a constant independent of n and close to 1, we have (see (6.2))

- n " n n r(" —
Z wj(»)SC Z (zg) () J><C/(n) Tdx
j=kn+1 j=kn+1

— Cem ) < Ce = 0,

and finally

6.3) H1<1>(£) - 1,2”(5)” < (14 0)e) =240,
" H—H

As for the second integral, by following the same arguments, we obtain

m

6.4) |r@w) - 12 (/:)H%H < (14 C)e? 2262,

where k,, is the smallest integer such that zg.m) > 52 for all j > k. Itis interesting to

observe that it is also possible to derive an analytical approximate expression for k,, and k,,
that allows us to understand the behavior of the error with respect to k,, + k.,,. The analysis
makes use of the relation

(n) ] 71— 1
(6.5) z; =c¢i—— in (1+(’)<n >),

2
with1 < ¢; < (1 + %) , given in [4, Prop. 6.1]. We start with the computation of k,, for

1 < n < n*. Inthis case the error eg) is given by gﬁLH) (see (4.10), (4.18)), and therefore

(1) Q(H) 2m
=-1 > =-1 +V2n(1 —a)m
*n . K; . (sin(om)) Al —am,

(since K7 = 1). By neglecting the term In (

sm(aﬂ)> and since i = 4n + 2, we obtain

st >~ /8n(1 — a)m.

Recalling that k,, is such that m(") > 553) and using the relation (6.5), we try to solve, with

respect to 7,
22
J T
8n(l — a)m =¢; .
n(l — «) %

By using ¢; = 1 and the floor operator |- |, we have that

(6.6) Jn = {2(1 ~a)i <2;f) ZJ

is a good approximation of k,,. Note that j,, < n for all n and «. From the above expression
we can compute n in terms of j,, that is,

(6.7) nm
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TABLE 6.1
The values of m, kn, jn, km, and jm with respect to n in the case of o = 0.75.

n 5 10 15 20 25 50 100

m 2 4 7 9 11 16 46
kn(in) | 3(2) 5(4) 7(6) 9(8) 10(10) 18(18) 30(30)
km(Gim) | 2(2) 4(4) 5(6) 6(6) 7(8) 11(10) 21(22)

Following the same steps, for n > n*, we obtain

2\ %
6.8) = {2\/5 (O”;) J > i,
™
from which
L
U In %
6.9 ns~— forn > n™.
© Va [2\/5]

Finally, by using the approximations (6.7) and (6.9) in (4.18), we obtain

(6.10)

_3/49—1/2 1/2__.1/2 .
Toe n In n
) 4 3°/72 a /g fn> *7
€ >~

_ol1/3 _ 1/3,__:2/3 .
gif(gﬂ) 27(01=a) P i1 < < .

For the second integral the analysis is the same. Remember that Ky = %thl/ “. Then, for
1 <m < m*, we find
} 3

6.11)  jm = {‘g‘[ln<aj‘_lhi)+\/8m<102<a+1)7r
HES

and for m > m™*, we have that
. 4m a1 2

(6.12) Jm = In n 1h « ) +3((a+1)ar’m)

At this point we are able to write down the final error estimates. From (6.3), (6.4), (6.10), and

1) ~ (2)

e

2 «
since €;, m’, We obtain

1

Ko,

Wl

[Rna(£) = Rg1,4(L)][, 5,

< (-], oo,
T n — m —
~ 48leT) )
T
. sin(am) drqe—em?/P8T VR0 ey S
(6.13) ~4 e sin2(7t;7r) _33/49-1/241/2,1/2 if1<n<n*

where ¢ = j,, + jm. In Table 6.1 we list the values of m, k,,, k., together with the theoretical
approximations j,, and j,,, with respect to n, for the case of a = 0.75. The approximations
provided by j,, and j,, are fairly accurate. In order to have an asymptotic expression for the
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estimate (6.13) that depends on the total number of inversions ¢, we first consider for (6.12)
the approximation

4
3

M

Jm 212773 (0 + 1)3a3m3]

for m > m”*,

and hence

™ 2
23/233/4(a + 1)1/4a1/47™

1

m

By using the above approximation in gf,{H) (see (4.14)), we obtain

ggH) ) 47‘(‘04@_33/421/20‘1/4(a+1)1/4”j}n(2.

. 1) ~ (2
Moreover, since e% ) o 6513, we have that

1 1
391272177 2352 inad (o + 1)743,

1
a 3

1
+(a+1>

Then, by (6.13), we finally arrive at the asymptotic estimate

and therefore

Jn +Jm = Jn-

||Rh7f¥(£) - qul,q(/v‘) ||H—>7—L

(6.14)

1

3

1+( a )
a+1

As an example of the remarkable improvements of the balanced and truncated approach,
working with operator (4.22), in Figure 6.1 we display the error and the error estimate (6.13),
while in Figure 6.2 we compare the three approaches developed in this work, for different
values of & and h = 1072, Finally, in Algorithm 1 we summarize the steps necessary to
implement the method.

= 16sin(am) exp —332727a?

Algorithm 1 Balanced and truncated Gauss-Laguerre method.
Input: o, h, L
evaluate n*, n** using (4.17), (4.19)
forn=1,...do
evaluate m using (5.1)
compute wj(-n), x§-n) and wj(-m), ™
evaluate j,, ((6.6), (6.8)) and j,, ((6.11), (6.12))
calculate the approximation (6.1)
end for

7. Conclusions. In this work we have described an efficient method for the computation
of the resolvent of the fractional powers of a self-adjoint positive operator in the continuous
setting of a generic Hilbert space. The use of the Gauss-Laguerre rule, with the improvements


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

536 E. DENICH, L.G. DOLCE, AND P. NOVATI

a=0.5 a=0.75

10° T T T T 102 T
—Error
—Estimate 100

1010k ] 10712

10

10k 1
107

109 L L L L L 10 L L L L L L 1018
0 20 40 60 80 100 120 0 20 40 60 80 100 120 140 0 50 100 150

Number of inversions

FIG. 6.1. The error of the truncated approach and the error estimate (6.13) for some values of o and h = 10~2.

a=05
; ,

10° T T
—Standard approach
—Balanced approach e
10?}—Balanced and truncated approach

10°

10°

1070

10710
1072

1012
10714

109 L L L L 1014 L L L L 1018 L L L L L L
0 200 400 600 800 1000 0 200 400 600 800 1000 0 100 200 300 400 500 600 700

Number of inversions

FIG. 6.2. Comparisons between the errors of the three approaches (standard, balanced, balanced, and truncated)
for different values of o and h = 10~ 2.

developed in Section 5 and 6, leads to a method whose rate of convergence is the same as in
the scalar case of the type exp(—const - ¢'/2), where ¢ represents the number of inversions
(cf. the definitions of q(') (M) in Section 3.2 and formula (6.14)). Moreover, we have provided
accurate error estimates even if we have been forced to adopt approximations only justified by
experimental evidences in Section 4.1. We also remark that the final algorithm (Algorithm 1)
does not require any additional parameters. It only needs the code for the computation of the
Gauss-Laguerre nodes and weights, for which we have employed the Matlab function lagpts.m
from chebfun; see [16].
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