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Abstract

Eswerden einige elementareUngleichungen auf hyperkomplexe Systeme
Ïbertragen. Insbesondere werden Ungleichungen fÏr MÎbius-Transfor-
mationen in diesem allgemeinen Kontext gezeigt.

1. Introduction

In this paper we will extend some known inequalities for complex num-
bers to certain systems of hypercomplex numbers.
Let Rs be the Euclidean space of vectors x � �x0;x1; . . . ;xsÿ1� �

x0e0 � x1e1 � � � � � xsÿ1esÿ1: The vectors e0; . . . ; esÿ1 denote the
standard basis of Rs: Furthermore e0 is considered to be the real unit
e0 � 1 and e1; . . . ; esÿ1 are so-called hypercomplex units. x0 is called real
part Re(x) and ~x �P sÿ1

j�1 xjej is called the imaginary part Im(x). The
conjugate of x is de¢ned by �x � x0e0 ÿ ~x; and we will further use the
notation Imj�x� � xj: Let hx; yi denote a bilinear product
Rs � Rs ! Rs such that he0; eji � ej for 0 � j � s ÿ 1; hej; eji � ÿe0
for 1 � j � s ÿ 1 and hej; eki � ÿhek; eji for 0 � j < k � s ÿ 1: In this
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wayH � �Rs;�; h�; �i�becomes an antisymmetric hypercomplex system.
One easily sees that hx; �xi � h�x;xi �P sÿ1

j�0 x
2
j � jxj2; where jxj is the

Euclidean norm ofx.
The set R or C can be identi¢ed with s � 1 or s � 2; respectively.

For s � 4 we obtain the quaternion algebraH provided that he1; e2i � e3;
he2; e3i � e1 and he3; e1i � e2: Cayley's octaves O;which are a special case
of s � 8; can be constructed from H by the doubling method.
We set r � jxj;w � j~xj and ' � arctan w

x0
: De¢ning the powers

xn � hx;xnÿ1i; n 2 N; the relations

Re�xn� � r n cos n'; Imj�xn� � r n
xj
w

sin n'; �1�
hold for 1 � j � s ÿ 1;w 6� 0; (see [6]).Taking these formulas with n � 1
and de¢ning the exponential functionwith hypercomplex values ofx by

ex �
X
k�0

xk

k!
;

we can prove the relation

x � r exp
~x
w
'

� �
� r cos'� ~x

w
sin'

� �
:

This implies De Moivre'sTheorem

r cos'� ~x
w

sin'

� �� �n
� r n cos�n'� � ~x

w
sin�n'�

� �
for any natural number n.
For x 2 H;x 6� 0; we de¢ne the hypercomplex logarithm ofx to be

zn � logx � log r � ~x
w
�'� 2n��; n 2 Z:

Thus, logx is an in¢nitely many-valued function; z0 we call the principal
hypercomplex logarithm if 0 � ' < 2�: Furthermore we can introduce
logarithmic series, e.g.

log�1� x� � log j1� xj � ~x
w

arg�1� x� �
X
n�1
�ÿ1�nÿ1 x

n

n
; jxj < 1;

for which the derivation

d
dx

log�1� x� � 1
1� x

�
X
n�0
�ÿ1�nxn; jxj < 1

holds.We shall need the last two formulas later.
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Let n be a positive integer, a � �a0; . . . ; asÿ1�; s � 2; a given hyper-
complex number and consider the mapping de¢ned by a 7!x :

xn � a; jxj � jaj � 1: �2�
We shall try to ¢nd x � �x0; . . . ;xsÿ1� 2 H which satisfy (2). Using

formula (1) we see that

a0 � Re�xn� � cos n'; �3�
aj � Imj�xn� � xj

w�x� sin n'; 1 � j � s ÿ 1;where �4�

' � argx � arctan
w�x�
x0

;w�x� 6� 0: �5�

With these three equations, we obtain x0 � w�x� cos�arccos a0=n�:
Then, taking w�x� � ��������������

1ÿ x2
0

p
the last relation yields

x0 � cos
arccos a0

n

� �
: �6�

Using (3), we canwrite (4) in the form xj=w�x� � aj=w�a�:Taking into
account w � ��������������

1ÿ x2
0

p
and (6), this implies

xj � aj
w�a� sin

arccos a0
n

� �
; 1 � j � s ÿ 1; s � 2: �7�

We thus have

Proposition 1.1. Leta andxbehypercomplexnumbers ofEuclidean norm 1and let
n 2 N: Then forany given a 2 H there exists a unique x � �x0; . . . ;xsÿ1� 2 H
according (6) and (7) such that xn � a (We always take the principle values of the
trigonometric functions).

2. A Special Analytic Inequality

Now we want to extend some speci¢c inequalities to the hypercomplex
numbers x � �x0; . . . ;xsÿ1� 2 H; s � 1:

Proposition 2.1. Letxbe a hypercomplex number such that jxj � 1; then

jxj
1� jxj � j log�1� x�j � jxj 1� jxjj1� xj :

Proof: The right-hand inequality can be shown as for complex numbers.
For proving the left-hand inequalitywe take an arbitrarybut ¢xed pointx
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on the hyper sphere jx� 1j � C; 0 < C < 2;C 2 R; which extends
from the real axis to the unit sphere.The function jxj=�1� jxj� as well
as j log�1� x�j (which is the principal value of the hypercomplex
logarithm) are continuous along jx� 1j � C; and di¡erentiable for
jx� 1j < C: By introducing � � arg�x� 1� as independent variable,
the cosine rule yields

jxj2 � jx� 1j2 � 1ÿ 2jx� 1j cos � resp: jxj djxj
d�
� j1� xj sin j�:

The function
d
d�
j log�1� x�j2 ÿ jxj

1� jxj
� �2

" #

� 2�ÿ 2
jxj

�1� jxj�3
d jxj
d�
� 2�ÿ 2

j1� xj
1� jxj3 sin �

does not vanish for� � 0:This is a contradiction becauseRolle's theorem
implies that the derivation must vanish somewhere in the interior. From
this the result follows immediately.

3. MÎbius-Transformations in Hypercomplex Number Systems

In this section we will study four types of MÎbius-Transformations in
quaternions H or octaves O.We will prove the following theorem.

Theorem 3.1. Let jaj < 1: Then theMÎbius-Transformations

T1�x� � �xÿ a���axÿ 1�ÿ1; T3�x� � ��axÿ 1�ÿ1�xÿ a�;
T2�x� � �xÿ a��x�aÿ 1�ÿ1; T4�x� � �x�aÿ 1�ÿ1�xÿ a�

mapthe unit ball bijectively onto itself.

Proof: Wewill prove the statement only for the functionT1�x� inO. All
other cases can be shown along the same lines. LetRbe the boundary and
I be the interior of the unit ball.

(i) T1 is invertible on R [ I :
Let j y j � 1; jaj < 1 and �xÿ a���axÿ 1�ÿ1 � y: From this it
follows that

xÿ y��ax� � aÿ y:

Each number x 2 O can be considered as a vector~x 2 R8: Let b
be a ¢xed number. Then the functions x! bx and x! xb are
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linear mappings from R8 to R8:We will denote by �b�l ; �b�r 2 R8�8
the corresponding matrices. Using this matrix notation, the last
equation can be written as

�Eÿ � y � l ��a � l�x � aÿ y;

where E denotes the unit matrix. This equation can be solved
uniquely, if and only if det�Eÿ � y �l ��a�l� 6� 0; i.e. if there is no
eigenvalue 1of � y �l ��a�l :
Consider that 1 is an eigenvalue and v be the corresponding eigen-
vector. From this follows � y �l ��a�l v � v; thus y��av� � v:We obtain
j y j � j�aj � 1; which is a contradiction to j yj � 1; jaj < 1:

(ii) T1 mapsRontoR:
Let jxj � 1:This implies

jT1�x�j � xÿ a
�axÿ 1

��� ��� � xÿ a
�aÿ �x

��� ��� 1jxj � 1;

since xÿ1 � �x for all x 2 R:
(iii) Tÿ11 mapsRontoR:

From j yj � 1 follows

jxÿ aj2 � j�axÿ 1j2:
Thus

�xÿ a���xÿ �a� � ��axÿ 1���xaÿ 1�:
A simple computation veri¢es the identity

�axÿ a�x� �xaÿ x�a � 0 �8�
for all x and a.Thus we obtain

�1ÿ jxj2��1ÿ jaj2� � 0:

The second factor of this product is 6� 0; thus jxj � 1:
(iv) T1 maps I into I: From (8) we derive

1ÿ jxÿ aj2
j�axÿ 1j2 �

�1ÿ jaj2��1ÿ jxj2�
j�axÿ 1j2

and

1ÿ jxj � jaj
1� jajjxj
� �2

� �1ÿ jaj
2��1ÿ jxj2�

�1� jajjxj�2 :
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In the last equation either the upper or the lower sign is true. Apply-
ing the triangle inequality

1ÿ jajjxj � j1ÿ �axj � 1� jajjxj
to the upper relations we obtain

1ÿ jxj ÿ jaj
1ÿ jxjjaj
� �2

� 1ÿ jT1�x�j2 � 1ÿ jxj � jaj
1� jxjjaj
� �2

:

From this we derive

jxj ÿ jaj
1ÿ jxjjaj
� �2

� jT1�x�j2 � jxj � jaj
1� jxjjaj
� �2

< 1:

(v) Tÿ11 maps I into I:
Consider, there is an x � Tÿ11 � y�with y 2 I;x =2 I: Let y0 � 0 2 I;
then we have x0 � Tÿ1� y0� � a 2 I:We consider the straight line
y0 y � I: Since Tÿ11 is continuous, there must exist a ~y 2 y0 y with
Tÿ11 � ~y� � ~x 2 R: From this we obtain ~y � T1�~x� 2 R; which is a
contradiction to~y 2 y0 y � I:

From the steps (i)^(v) we conclude the theorem. &

4. Further Analytic Inequalities

Recall that we have introduced the exponential function by the power
series which converges absolutely for all x 2 H:An alternative de¢nition
of the exponential function is

ex � lim
n!1 1� x

n

� �n
:

It can be expanded by the binomial theorem and the convergence
proof can be carried through as in the usual case.
For a natural number n and any hypercomplex number x 6� 0 the

following result can be shown by induction:

ex ÿ 1� x
n

� �n��� ��� < ejxj ÿ 1� jxj
n

� �n���� ���� < e jxj
jxj2
2n

:

Proposition 4.1. Suppose that an 2 H with an � O� 1n !�:Then the estimateX1
k�0
hak;xki ÿ �a0 � ha1;xi � � � � � han;xni�

�����
����� � Njxjn�1e jxj

holds forany natural number n and x 2 H:
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Proof: We have

X1
k�0
hak;xki ÿ �a0 � ha1;xi � � � � � han;xni�

�����
����� � X1

k�n�1
akx

k

�����
�����

� M1
jxjn�1
�n� 1�!

X1
k�0

jxjk
k!
� Mjxjn�1e jxj; M 2 R�:

In the following we list a few inequalities for elementary functions in
hypercomplex variables x � x0 e0 � ~x 2 H: We use the de¢nition of
hypercomplex sine and cosine functions byTaylor series or by the generalized
Euler formula

e �
~x
w'� � cos'� ~x

w
sin';

which links the exponential functionwith the trigonometric functions:

sinx �
X
k�0

�ÿ1�k
�2k� 1�!x

2k�1; cosx �
X
k�0

�ÿ1�k
�2k�! x

2k;

sinx � ÿ ~x
2w
�e ~x

wx eÿ
~x
wx�; cosx � 1

2
�e ~x

wx � eÿ
~x
wx�:

Similarly, the hypercomplexhyperbolic functions are given by

sinhx �
X
k�0

x2k�1

�2k� 1�! ; cosh x �
X
k�0

x2k

�2k�! ;

sinhx � 1
2
�ex ÿ eÿx�; cosh x � 1

2
�ex � eÿx�:

With these obvious de¢nitions most of the familiar real- and complex
valued trigonometric resp. hyperbolic inequalities can be extended to the
hypercomplex systemH (For details we refer to [5]).

Proposition 4.2. If jxj < 1; then

j sinxj � jxj
2

eÿ 1
e

� �
; j cosxj < 1

2
e� 1

e

� �
;

jsinh xj � jxj
2

eÿ 1
e

� �
; jcosh xj < 1

2
e� 1

e

� �
;

and �3ÿ e�jxj � jex ÿ 1j � �eÿ 1�jxj:
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