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A STABLE NUMERICAL METHOD FOR INTEGRAL EPIDEMIC MODELS WITH
BEHAVIORAL CHANGES IN CONTACT PATTERNS∗
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Abstract. We propose a non-standard numerical method for the solution of a system of integro-differential
equations describing an epidemic of an infectious disease with behavioral changes in contact patterns. The method is
constructed in order to preserve the key characteristics of the model, like the positivity of solutions, the existence
of equilibria, and asymptotic behavior. We prove that the numerical solution converges to the exact solution as the
step size h of the discretization tends to zero. Furthermore, the method is first-order accurate, meaning that the error
in the discretization is O(h), it is linearly implicit, and it preserves all the properties of the continuous problem,
unconditionally with respect to h. Numerical simulations show all these properties and confirm, also by means of a
case-study, that the method provides correct qualitative information at a low computational cost.

Key words. epidemic models, integro-differential equations, non-standard finite difference scheme, discrete
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1. Introduction. When solving a continuous mathematical model numerically, it is
nowadays widely believed that convergence is no longer the only objective to be considered.
Indeed, a robust numerical method should preserve the properties of the model, such as the
positivity of the solutions and/or conserve certain quantities, under weak or no conditions
on the step size [10, 16, 35]. In this way, the classical concept of numerical stability is
generalized to include more general aspects such as the preservation of equilibria and limit
cycles. In this context, a matter of interest is that the numerical method could introduce
spurious outcomes, like the creation of ghost equilibrium points and change in the stability
nature of equilibria, and would therefore fail to represent the dynamics of the model at
hand correctly [38, 39]. The theory of conservative numerical methods is mostly applied to
study the dynamics of differential equations [2, 18, 19, 20], and it is less developed in the
case of evolution problems with memory [15, 27, 28]. Integral equations with memory are
particularly well-suited to model the time evolution of epidemics of infectious diseases. In
fact, the celebrated Kermack and McKendrick model is formulated in terms of a system of
nonlinear integro-differential equations [23, 24]. The Kermack and McKendrick model is
quite general since it allows arbitrary length distributions of infection periods, that is, it allows
the infectivity of an infected individual to depend on the time elapsed since the moment of
infection. Moreover, one can derive compartmental models from it, where the individuals
are divided according to their stage of infection. Such models are mostly given by ordinary
differential equations where the residence time in any given compartment is exponentially
distributed. Recently, many extensions and variants of the original Kermack and McKendrick
model have been proposed [3, 5, 7, 11] and applied to actual diseases, such as smallpox [1],
cholera [6], SARS [4], COVID-19 [17, 21, 22], and AIDS [36, 37].

In our recent research [9], we introduced an integro-differential epidemic model that
takes into account behavioral changes of individuals during an epidemic outbreak. Following
the approach proposed in [12, 13], the model includes an information index that describes
how individuals modify their risky contact according to information and rumors regarding
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the disease. In [9], on the one hand, we investigated the qualitative properties of the model,
including the analysis of equilibria via stability theory. Numerical simulations were crucial to
describe the time profiles predicted by the model.

In this paper, we describe in detail the numerical method that we designed to deal with
the behavioral integral epidemic model proposed in [9]. The method has been built according
to the considerations mentioned above about preserving relevant properties of the model in
the numerical solution. It is based on non-standard discretizations of the nonlinear terms in
the equations, an idea originally introduced by Mickens in [32] for systems of differential
equations. Only recently, the Mickens’ approach has been extended to integral problems; see,
e.g., the integral equation SIS model considered in [27] and the epidemic model for a closed
population considered in [29, 31]. The discrete system associated with the method can be
viewed, for any fixed value of the step size h > 0, as a discrete time model. We perform a
qualitative analysis based on the linearization theory for discrete Volterra equations. As a final
remark, the method is linearly implicit, thus providing correct qualitative information at a low
computational cost.

The paper is organized as follows. In Section 2, we recall the integro-differential be-
havioral epidemic model and the main results developed in [9]. In Section 3, we formulate
the numerical method, and we study its consistency and its convergence. We also prove that
it preserves properties like positivity and boundedness, for any value of the step size. In
Section 4, we prove that the discrete system that represents the method admits two equilibria
under specific assumptions, and we study their local stability. In Section 5, we analyze how
the properties of the discrete model relate to those of the continuous one. The approximation
properties of the discrete model are also studied. Numerical experiments are presented in
Section 6 and concluding remarks are given in Section 7.

2. The integral behavioral epidemic model. In this section, we briefly recall the model
and the related qualitative analysis presented in [9], to which we refer for all the details and
proofs. We focus on the following integro-differential behavioral epidemic model describing
the diffusion of an infectious disease in a susceptible population of size S:

(2.1)

i) S′(t) = λ− µS(t)− β
(
M(t)

)
S(t)F (t),

ii) F (t) =

∫ ∞
0

Aµ(τ)β
(
M(t− τ)

)
S(t− τ)F (t− τ)dτ,

iii) M(t) =

∫ ∞
0

K(τ)H(t− τ)g
(
F (t− τ)

)
dτ.

Equation (2.1)i is the balance equation for the susceptible population, where the positive
parameters λ and µ are the net inflow of susceptibles in the population and the per capita
natural death rate, respectively. The term β(M)F is the Force of Infection (FoI), i.e., the rate
at which a susceptible becomes infected: β(M) represents the inhibitory contribution to the
FoI due to information and rumors regarding the disease status (it is assumed that β(M) > 0,
β(0) = 1, and β′(M) < 0), M denotes the information index, which describes the change of
opinion-driven behavior of individuals, and it will be discussed a few lines below.

Equation (2.1)ii is a constitutive law, where F (t) is the driving factor of the FoI. The func-
tion Aµ(·) is the Infectivity Function with Demography (IFD). It is defined as
Aµ(τ) = e−µτA(τ), where the term e−µτ represents the probability that an individual stays
alive for at least τ units of time and A(τ) ∈ L1[0,∞) is the Infectivity Function (IF), i.e., the
expected contribution to the FoI by an individual that was itself infected τ units of time ago.

Equation (2.1)iii expresses the information index M as the weighted sum of past and
present contributions of the FoI through a function g, such that g(0) = 0, g(F ) ≥ 0, and
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TABLE 2.1
Description of parameters and quantities related to model (2.1). Note that N = λ/µ.

Symbol Meaning
λ Net inflow of susceptibles
µ Natural death rate
R0 Basic Reproduction Number
N Total population size
S0 Initial susceptible population

TABLE 2.2
Functions involved in model (2.1) and related assumptions.

Function Meaning Assumptions
A Infectivity function A(t) ≥ 0

Aµ Infectivity func. with demography Âµ(0) :=
∫∞

0
Aµ(t)dt < +∞

β Inhibition function β(0) = 1, β(M) > 0, β′(M) < 0
g Message function g(0) = 0, g(·) ≥ 0, g′(·) > 0

K Memory kernel K(τ) > 0, K̂(0) :=
∫∞

0
K(τ)dτ = 1

g′(F ) > 0. The weight is represented by a function K(τ) that is supposed to be positive
and such that

∫∞
0
K(τ)dt = 1. Functions g, called message function, and K, called memory

kernel, describe the individual’s perceived risks associated with the disease and how the
population keeps the memory of the disease, respectively. Examples of message functions are
suggested by d’Onofrio et al. in [14]. They also propose the following memory kernels:

• a Dirac delta function K(τ) = δ(τ), which means that the information propagates
instantaneously (i.e., no delay);

• an Erlang distribution with rate parameter a and shape parameter n

K(τ) = Erln,a(τ) =
an

(n− 1)!
τn−1e−aτ , a ∈ R+, n ∈ N+,

which includes the case of exponentially fading memory (when n = 1), where the
maximum weight is given to the current information, and the case of unimodal kernels
(when n > 1), where the current information is unavailable and the maximum weight
is assigned to the information that arrives at the public after a characteristic time
T = n/a.

In (2.1)iii, H(·) is the Heaviside step function. For the sake of clarity, we report in Table 2.1
the definition of the parameters and quantities related to the model (2.1) and in Table 2.2 the
assumptions on the functions involved. From now on, we also assume that

(2.2) A′µ(τ) ∈ L1[0,∞), K ′(τ) ∈ L1[0,∞).

Let us denote by u(t) = (S(t), F (t),M(t)) the solution of the model (2.1) and by D the
domain

(2.3) D = {(x, y, z) : 0 < x ≤ Smax, 0 ≤ y ≤ Fmax, 0 ≤ z ≤Mmax} ,

where

(2.4) Smax =
λ

µ
, Fmax = λÂµ(0) +

λ

µ

∫ ∞
0

|A′µ(τ)|dτ, Mmax = g(Fmax).

The following theorem provides a property of the domain D.
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THEOREM 2.1. Assume that lim
τ→∞

A(τ) = 0. Then the region D defined in (2.3) is
positively invariant for the model (2.1).

Let us introduce the basic reproduction number

R0 =
λ

µ
Âµ(0).

Model (2.1) admits a unique Disease-Free Equilibrium DFE = (S̄0, 0, 0), where S̄0 = λ/µ,
and, for R0 > 1, it admits a unique Endemic Equilibrium EE = (Se, Fe,Me), where

Se =
λ

µR0β(g(Fe))
, Me = g(Fe),

and Fe > 0 is the solution to

(2.5) Φ(x) = x− µR0 +
µ

β(g(x))
= 0.

Let us define

Âµ(w) =

∫ ∞
0

e−wtAµ(τ)dτ, K̂(w) =

∫ ∞
0

e−wtK(τ)dτ.

The following theorem gives a sufficient condition for the equilibria to be Locally Asymptoti-
cally Stable (LAS).

THEOREM 2.2. Any equilibrium Ẽ = (S̃, F̃ , M̃) of the model (2.1) is LAS if the charac-
teristic equation

(2.6) β(M̃)S̃Âµ(w)

(
1 +

g′(F̃ )β′(M̃)F̃ K̂(w)

β(M̃)

)
= 1 +

β(M̃)F̃

w + µ

has no solution for Re(w) ≥ 0.
Then, from Theorem 2.2, it is easy to prove that, if R0 < 1, the DFE is locally asymp-

totically stable. Furthermore, the following sufficient conditions for EE to be locally stable,
written in terms of the information parameters and functions, are derived.

THEOREM 2.3. Let K and Aµ be the functions defined above.
• If K(τ) = δ(τ) and Aµ(τ) is positive definite, then EE is LAS for any choice of the

information functions β and g.
• If K(τ) = δ(τ) or K(τ) = ae−aτ and the functions β and g satisfy the inequality

g′(Fe)β
′(Me)Fe ≥ −2β(Me),

then EE is LAS for any choice of Aµ(τ).
See [8, Section 7.3.6] for the definition and properties of positive definite functions.
REMARK 2.4. In [9], it has been observed that the choice of an unimodal memory kernel

of the type K(τ) = a2τe−aτ may produce instability of the equilibrium EE. This fact will be
recalled in Section 4.4, in connection with the properties of its numerical approximation.

In the next sections, we introduce the numerical method, and we analyze its qualitative
coherence with the model (2.1) to be approximated.
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3. The numerical method. To solve the integro-differential system (2.1), we first assume
that the forcing terms in (2.1)ii and (2.1)iii, given by

(3.1)
F0(t) =

∫ 0

−∞
Aµ(t− τ)β

(
M(τ)

)
S(τ)F (τ)dτ,

M0(t) =

∫ 0

−∞
K(t− τ)H(τ)g

(
F (τ)

)
dτ = g(F (0))K(t),

respectively, are known non-negative functions. The numerical method we propose is the
outcome of the approaches described below:

• in equation (2.1)i we approximate the derivatives by forward differences, and we
discretize the nonlinear terms β(M)SF by a nonlocal technique, which is explicit in
M and F and implicit in S;

• we solve the integral equations (2.1)ii and (2.1)iii by a direct quadrature method [8]
based on nonlocal quadrature formulas for the integrals involved, which are left
approximations in K, F , and M and right approximations in Aµ and S;

• we use weighted step sizes hγi(h), i = 1, 2, 3, for the discretizations.
The method formulation is the following:

(3.2)

i) Sn+1 = Sn + hγ1(h)
(
λ− µSn+1 − β(Mn)Sn+1Fn

)
,

ii) Fn+1 = F0(tn+1) + hγ2(h)

n∑
j=0

Aµ(tn+1−j)β(Mj)Sj+1Fj ,

iii) Mn+1 = M0(tn+1) + hγ3(h)

n∑
j=0

K(tn−j)g(Fj),

with n = 0, 1, 2, . . . . The vector un = (Sn, Fn,Mn) indicates the approximation to u(t)
at tn = nh, where h > 0 is the step size of the discretization. The weight factors are
positive functions of h defined by γi(h) = 1 + ϕi(h), where ϕi(h) = O(h) as h→ 0, for all
i = 1, 2, 3. Here, S0 = S(0), F0 = F (0) = F0(0), and M0 = M(0) = M0(0).

The reasoning that led to the formulation (3.2) will be made clear in the following sections.
Here we point out that, in analogy to what was said in the introduction, we will approach the
analysis of the discrete problem (3.2) from two different, though related, points of view:

• numerical method: convergence of the numerical solution un to the solution u(t)
of (2.1), as h→ 0;

• discrete-time model: positivity properties, existence of equilibrium solutions and
analysis of their asymptotic properties, for any fixed h > 0.

When the discrete equilibria and their properties are related to those of the continuous model,
the last item can be regarded as a numerical stability study. Another point of interest is the
study of the existence and behavior of equilibrium solutions of (3.2), in the limit as the step
size h→ 0. This study, which represents an investigation into the approximation properties of
numerical equilibria, allows us to deepen and enlarge the concept of convergence.

3.1. Consistency and convergence. As the main issue for numerical schemes is to
prove convergence, we introduce the global error of discretization in tn, that is, the vector
e(tn, h) = u(tn) − un, and the local truncation error vector δ(tn, h), which is the residual
upon the substitution of the exact solution u(t) in (3.2).

In what follows, we use the integral formulation of equation (2.1)i

(3.3) S(t) = S0 +

∫ t

0

(
λ− µS(t− τ)− β(M(t− τ))S(t− τ)F (t− τ)

)
dτ
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and its discrete counterpart in (3.2)i

(3.4) Sn+1 = S0 + h

n∑
j=0

(
λ− µSj+1 − β(Mj)Sj+1Fj

)
, n = 0, 1, 2 . . .

First of all, we prove the following consistency result.
LEMMA 3.1. Let n̄ be a fixed positive integer. Assume that the given functions Aµ,K ∈

C1([0, T ]), with T = n̄h. Then

(3.5) max
0≤n≤n̄

‖δ(tn, h)‖ ≤ C̄h, with C̄ > 0.

That is, the method (3.2) is consistent with model (2.1) of order one.
Proof. The assumptions on Aµ(t) and K(t) imply that also S(t), F (t), and M(t) are

continuously differentiable on [0, T ]. Let us define the local truncation error δ(tn, h) as

δ(tn, h) =

n−1∑
j=0



∫ tj+1

tj
(λ− µS(τ)− β(M(τ))S(τ)F (τ)) dτ∫ tj+1

tj
Aµ(tn − τ)β(M(τ))S(τ)F (τ)dτ∫ tj+1

tj
K(tn − τ)g(F (τ))dτ


−h

γ1(h) (λ− µS(tj+1)− β(M(tj))S(tj+1)F (tj))
γ2(h)Aµ(tn−j)β(M(tj))S(tj+1)F (tj)

γ3(h)K(tn−j−1)g(F (tj))

 .

(3.6)

Since γi(h) = 1 + ϕi(h), for i = 1, 2, 3, we have that, for n = 0, . . . , n̄,

δ(tn, h) = δ̃(tn, h)+hϕ(h)

n−1∑
j=0

(λ− µS(tj+1)− β(M(tj))S(tj+1)F (tj)
)

Aµ(tn−j)β(M(tj))S(tj+1)F (tj)
K(tn−j−1)g(F (tj))

 ,(3.7)

where ϕ(h) = diag (ϕ1(h), ϕ2(h), ϕ3(h)) and δ̃(tn, h) is the local truncation error of the
unweighted numerical method. A slight generalization of the proof of [29, Lemma 3.1] leads
to the following bound for δ̃(tn, h):

max
0≤n≤n̄

∥∥∥δ̃(tn, h)
∥∥∥ ≤ C̃h, C̃ > 0.

It then follows from (3.7) that

‖δ(tn, h)‖ ≤ C̃h+ h ‖ϕ(h)‖
n−1∑
j=0

∥∥∥∥∥∥
(λ− µS(tj+1)− β(M(tj))S(tj+1)F (tj)

)
Aµ(tn−j)β(M(tj))S(tj+1)F (tj)

K(tn−j−1)g(F (tj))

∥∥∥∥∥∥ ,
for n = 0, . . . , n̄. As a consequence, due to the regularity of the given functions in [0, T ] and
also to the fact that ϕi(h) = O(h), for i = 1, 2, 3, the bound (3.5) holds, where C̄ is a positive
constant depending on the parameters of the problem but not on h.

We now prove the convergence result.
THEOREM 3.2. Let n̄ be a fixed positive integer. Assume that Aµ,K ∈ C1([0, T ]) with

T = n̄h. Then

lim
h→0

max
0≤n≤n̄

‖e(tn, h)‖ = 0.

Furthermore, ‖e(tn, h)‖ = O(h) as h↘ 0.
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Proof. Subtracting (3.2) from (2.1), with (3.2)i and (2.1)i formulated as (3.4) and (3.3),
respectively, gives the following error recursion:

e(tn, h) ≤ δ(tn, h) + h

n−1∑
j=0

γ1(h)
(
λ− µS(tj+1)− β(M(tj))S(tj+1)F (tj)

)
γ2(h)Aµ(tn−j)β(M(tj))S(tj+1)F (tj)

γ3(h)K(tn−j−1)g(F (tj))


−

γ1(h)
(
λ− µSj+1 − β(Mj)Sj+1Fj

)
γ2(h)Aµ(tn−j)β(Mj)Sj+1Fj

γ3(h)K(tn−j−1)g(Fj)

 ,

(3.8)

for n = 0, . . . , n̄. Here, δ(tn, h) is the local truncation error defined in (3.6). Using the
bound (3.5) for δ(tn, h) and standard techniques for the second term in the right-hand side
of (3.8), we have

‖e(tn, h)‖ ≤ C̄h+ hL (1 + ‖ϕ(h)‖)
n−1∑
j=0

‖e(tj , h)‖ , n = 0, . . . n̄,

where ϕ(h) = diag(ϕ1(h), ϕ2(h), ϕ3(h)) and C̄, L are positive constants depending on the
parameters of the problem but not on h. Thanks to the Gronwall discrete inequality (see, for
example, [25, p. 101]), we finally have

‖e(tn, h)‖ ≤ CheTL(1+ϕ(h)),

for C > 0 and n = 0, . . . , n̄, which yields the result.

3.2. Basic properties. With the purpose of studying the qualitative and asymptotic
behavior of the solution of (3.2) for any fixed discretization step size h > 0 and its coherence
with the properties of model (2.1), we assume from now on that all assumptions on the
parameters and functions of the problem, as described in Section 2, are valid.

Two quantities that will play an important role in our analysis are

Āµ(1, h) = h γ2(h)

∞∑
n=1

Aµ(tn),(3.9)

K̄(1, h) = h γ3(h)

∞∑
n=0

K(tn),

for which we prove the following result:
LEMMA 3.3. For any h > 0, Āµ(1, h) < +∞ and K̄(1, h) < +∞. Furthermore, we

have

(3.10) lim
h→0

Āµ(1, h) = Âµ(0), lim
h→0

K̄(1, h) = K̂(0) = 1,

where Âµ(0) and K̂(0) are defined in Table 2.2.
Proof. We prove the result for K. The proof similarly applies to Aµ. Consider∫ tj+1

tj

K(τ)dτ = hK(tj) +

∫ tj+1

tj

K(τ)dτ −
∫ tj+1

tj

K(tj)dτ.

Thus, thanks to the assumption (2.2) and the fact that
∫∞

0
K(τ)dτ = 1,

(3.11) h

∞∑
j=0

K(tj) ≤
∫ ∞

0

K(τ)dτ + h

∫ ∞
0

|K ′(τ)|dτ < +∞.
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Therefore, also K̄(1, h) < +∞. Moreover, from (3.11), we deduce that∣∣∣∣∣∣
∫ ∞

0

K(τ)dτ − hγ3(h)

∞∑
j=0

K(tj)

∣∣∣∣∣∣ ≤ h
∫ ∞

0

|K ′(τ)|dτ + |ϕ3(h)|h
∞∑
j=0

K(tj),

and, for h → 0, since h
∑∞
j=0K(tj) is bounded, the second condition of (3.10) is satisfied.

Let h > 0 and

(3.12) D(h) = {(x, y, z) : 0 < x ≤ Smax(h), 0 ≤ y ≤ Fmax(h), 0 ≤ z ≤Mmax(h)},

where

(3.13)

i) Smax(h) = Smax =
λ

µ
,

ii) Fmax(h) = λ
(
Âµ(0) + Āµ(1, h)

)
+
λ

µ

∫ ∞
0

|A′µ(τ)|dτ,

iii) Mmax(h) = g(Fmax) + g(Fmax(h))K̄(1, h).

The following theorem ensures that the solutions of the model (3.2) remain in D(h) of any
n ≥ 0:

THEOREM 3.4. Assume that lim
τ→∞

A(τ) = 0 and that the weight functions ϕ1(h) and

ϕ2(h) satisfy

(HP1) ϕ2(h) = cϕ1(h) with |c| ≤ 1.

Then the region D(h) defined in (3.12) is positively invariant for the discrete model (3.2).
Proof. We proceed by induction on n with base case n = 0, which is trivially true. Let us

consider (3.2)i written in the following form

(3.14) Sn+1 =
Sn + hγ1(h)λ

1 + hγ1(h) (µ+ β(Mn)Fn)
.

If we assume that Sj > 0 and Fj ,Mj ≥ 0, for j = 1, . . . , n, then the expression (3.14)
implies that Sn+1 > 0. From (3.2)ii and (3.2)iii it easily follows that Fn+1,Mn+1 ≥ 0.

Let us now prove the boundedness and assume that Sj ≤ λ/µ, for j = 0, . . . , n. Taking
into account that hγ1(h)β(Mn)Fn ≥ 0, from equation (3.14) one obtains

Sn+1 ≤
λ
µ + hγ1(h)λ

1 + hγ1(h)µ
=
λ

µ
.

By using (3.2)i in (3.2)ii, since Sn is positive, it is easily seen that

(3.15) Fn+1 ≤ F0(tn+1) +
γ2(h)

γ1(h)

n∑
j=0

Aµ(tn+1−j)(Sj − Sj+1) + λhγ2(h)

n+1∑
j=1

Aµ(tj).

Summation by parts in the second term of the right-hand side of (3.15) leads to

Fn+1 ≤ F0(tn+1) +
γ2(h)

γ1(h)

(
Aµ(tn+1)S0 +

λ

µ

∫ tn

0

|A′µ(τ)|dτ
)

+ λhγ2(h)

n+1∑
j=1

Aµ(tn+1−j).
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For the forcing term F0(t) defined in (3.1), one has

F0(tn+1) ≤ λ
∫ ∞
tn+1

Aµ(τ)dτ −Aµ(tn+1)S0 +
λ

µ

∫ ∞
tn+1

|A′µ(τ)|dτ.

Using the last two inequalities, we have that

(3.16)

Fn+1 ≤ λ

∫ ∞
tn+1

Aµ(τ)dτ + hγ2(h)

n+1∑
j=1

Aµ(tj)

+

(
γ2(h)

γ1(h)
− 1

)
Aµ(tn+1)S0

+
λ

µ

(∫ ∞
tn+1

|A′µ(τ)|dτ +
γ2(h)

γ1(h)

∫ tn

0

|A′µ(τ)|dτ

)
.

Since (HP1) holds, then the right-hand side in (3.16) is, for any h > 0, less than or equal
to Fmax(h), defined in (3.13)ii, and the desired conclusion follows. Finally, by consider-
ing (3.2)iii and the fact that, from (3.1), it is M0(tn+1) ≤ g(Fmax)

∫ +∞
tn+1

K(τ)dτ , the bound
for Mn is a consequence of the following inequality:

Mn+1 ≤ g(Fmax)

∫ +∞

tn+1

K(τ)dτ + g(Fmax(h))hγ3(h)

n+1∑
j=1

K(tj).

4. Asymptotic properties of equilibria.

4.1. Equilibria. We define

R0(h) =
λ

µ
Āµ(1, h)

as the discrete basic reproduction number. Since Āµ(1, h), defined in (3.9), represents a
weighted quadrature formula for Âµ(0), R0(h) is the numerical approximation to the basic
reproduction number R0 introduced for the model problem (2.1) in Section 2. From the
system (3.2), we derive the following equations for equilibria

λ− µS − β(M)SF = 0,

F = Āµ(1, h)β(M)SF,

M = K̄(1, h)g(F ).

If F = 0, for any h > 0, then there is exactly one equilibrium, the Disease-Free Equilibrium

(4.1) DFE(h) =

(
λ

µ
, 0, 0

)
.

If F > 0, an Endemic Equilibrium

(4.2) EE(h) = (Se(h), Fe(h),Me(h))

exists, for any h > 0, if and only if there exists in [0, Fmax(h)] a zero Fe(h) of the nonlinear
function

(4.3) Φ(h, x) = x− µR0(h) +
µ

β(K̄(1, h)g(x))
,
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and

(4.4)
i) Se(h) =

λ

µR0(h)β(Me(h))
,

ii) Me(h) = K̄(1, h)g(Fe(h)).

THEOREM 4.1. Let h > 0. If R0(h) < 1, then the model (3.2) has no endemic equilib-
rium; if R0(h) > 1, then the model (3.2) has a unique endemic equilibrium.

Proof. Consider the function Φ(h, x) defined in (4.3), and let x ∈ [0, Fmax(h)]. We
observe that

Φ(h, 0) = −µ(R0(h)− 1),

Φ(h, Fmax(h)) = λÂµ(0) +
λ

µ

∫ ∞
0

|A′µ(τ)|dτ +
µ

β(K̄(1, h)g(Fmax(h)))
> 0,

Φ′(h, x) = 1− µβ′(K̄(1, h)g(x))K̄(1, h)g′(x)

[β(K̄(1, h)g(x))]2
> 0,

where the last inequality holds since β′(·) < 0. Thus, when R0(h) > 1, it is Φ(h, 0) < 0, and,
being Φ(h, x) in (4.3) an increasing function, it has a unique zero in [0, Fmax(h)]. For the
same reason, it is clear that if R0(h) < 1, then Φ(h, x) has no zeros in [0, Fmax(h)].

All the results reported in this and in the previous section apply whatever the choice of the
weight factors γ1, γ2, and γ3. However, in order to match the numerical endemic equilibrium
EE(h) with the equilibrium EE of system (2.1), we choose

(HP2) γ3(h) =
1

h
∑∞
n=0K(tn)

,

that acts as a normalization factor, yielding K̄(1, h) = K̂(0) = 1. From the proof of
Lemma 3.3 we conclude that also limh→0 h

∑∞
n=0K(tn) = 1, therefore the weight de-

fined by (HP2) satisfies the property γ3(h) = 1 + O(h), as required in the definition of the
weight factors.

Since the form of γ1 and γ2 does not play a significant role, we set

(HP3) γ1(h) = γ2(h) = 1.

4.2. Linearized stability: the characteristic equation. The aim of this section is to
derive the characteristic equation in order to study the local asymptotic stability of the equilibria
of the discrete model (3.2), for any h > 0. In this regard, we assume that (HP3) holds for the
weight factors γ1(h) and γ2(h). Thus, we refer to the following formulation of the numerical
method (3.2)

(4.5)

Sn+1 = S0 + h

n∑
j=0

(
λ− µSj+1 − β(Mj)Sj+1Fj

)
,

Fn+1 = F0(tn+1) + h

n∑
j=0

Aµ(tn+1−j)β(Mj)Sj+1Fj ,

Mn+1 = M0(tn+1) + hγ3(h)

n∑
j=0

K(tn−j)g(Fj),
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for n = 0, 1, . . . , where the functions F0(t) and M0(t) are defined in (3.1). Here and in the
following we assume that the weight factor γ3(h) is the one given in (HP2). Consider the
perturbations (Wn, Vn, Zn) to a generic equilibrium Ẽ(h) = (S̃(h), F̃ (h), M̃(h)). Since,

Sn = S̃(h) +Wn, Fn = F̃ (h) + Vn, Mn = M̃(h) + Zn,

we have that, for n = 0, 1, . . . , (Wn, Vn, Zn) satisfy

(4.6)

Wn+1

Vn
Zn

 =

W (0)
V0(tn)
Z0(tn)

 + h

n∑
j=0

Qn−j

Wj+1

Vj
Zj

+ Gj

Wj+1

Vj
Zj

 ,

where Gj(·), j ≥ 0, are given mappings that include all the nonlinear terms of (4.5). In (4.6)
the 3× 3 matrices Qn are defined by
(4.7)

Qn =



−µ− β(M̃(h))F̃ (h) −β(M̃(h))S̃(h) −β′(M̃(h))S̃(h)F̃ (h)

β(M̃(h))F̃ (h)Aµ(tn) β(M̃(h))S̃(h)Aµ(tn) β′(M̃(h))S̃(h)F̃ (h)Aµ(tn)

0 K(tn)g′(F̃ (h)) 0

, n > 0,

−µ− β(M̃(h))F̃ (h) −β(M̃(h))S̃(h) −β′(M̃(h))S̃(h)F̃ (h)

0 0 0

0 0 0

, n = 0,

and the forcing terms are

V0(tn+1) = F0(tn+1)− β
(
M̃(h)

)
S̃(h)F̃ (h)h

∞∑
j=n+1

Aµ(tj)

and

Z0(tn+1) =
(
g(F0)− hg

(
F̃ (h)

))
K(tn+1).

The analysis of the asymptotic behavior of the solutions to the nonlinear perturbed sys-
tem (4.6) goes through the linearization theory developed in [34] and described in Appendix A.
Let xn = [Wn+1, Vn, Zn]

T be the solution of system (4.6) and yn be the solution of the linear
system

(4.8) yn = fn + h

n∑
j=0

Qn−jyj , n = 0, 1, . . . ,

related to (4.6), with Qn defined in (4.7) and fn = [W (0), V0(tn), Z0(tn)]
T . We observe

that the condition det(I− hQn) 6= 0 is always satisfied, provided that h is sufficiently small.
Therefore, by Theorem A.1, the perturbation xn can be expressed in terms of yn as

xn = yn −
n∑
j=0

Rn−jGj(xj), n = 0, 1, . . . ,

where Rn are the resolvent matrices of hQn. Since Theorem A.2 states that xn asymptotically
vanishes whenever lim

n→∞
yn = 0,we study the asymptotic behavior of the solutions to the linear
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system (4.8), and thus we refer to Theorem A.3 for the stability analysis. The system (4.8) fits
into the form (A.5), (A.6), with l = 1, k = 2 and

f0n = W (0),

f1n =

[
V0(tn)
Z0(tn)

]
,

Bn = hQn,

B1
∞ = h

[
−µ− β(M̃(h))F̃ (h) −β(M̃(h))S̃(h) −β′(M̃(h))S̃(h)F̃ (h)

]
.

For |z| ≤ 1, the characteristic equation takes the form

(4.9) (1− z) · detT (z, h) = 0,

where T denotes the matrix

T (z, h) =

1 + (µ+ β(M̃(h))F̃ (h) h
1−z β(M̃(h))S̃(h) h

1−z β′(M̃(h))S̃(h)F̃ (h) h
1−z

−β(M̃(h))F̃ (h)Āµ(z, h) 1− β(M̃(h)S̃(h)Āµ(z, h) −β′(M̃(h))S̃(h)F̃ (h)Āµ(z, h)

0 −g′(F̃ (h))K̄(z, h) 0

,
and

Āµ(z, h) = h

∞∑
n=1

Aµ(tn)zn, K̄(z, h) = hγ3(h)

∞∑
n=0

K(tn)zn,

with γ3(h) given by (HP2), are the discrete and the weighted discrete Laplace transforms
of Aµ and K, respectively. The following theorem gives a sufficient condition for the local
asymptotic stability of the equilibria.

THEOREM 4.2. Any equilibrium Ẽ(h) = (S̃(h), F̃ (h), M̃(h)) of the model (4.5) is
locally asymptotically stable, for h > 0, if the characteristic equation
(4.10)

β(M̃(h))S̃(h)Āµ(z, h)

(
1 +

g′(F̃ (h))β′(M̃(h))F̃ (h)K̄(z, h)

β(M̃(h))

)
= 1 + h

β(M̃(h))F̃ (h)

1− z + µh
,

has no solution for |z| ≤ 1.
Proof. The proof is a straightforward application of Theorem A.2, after observing that

equation (4.10) is equivalent to (4.9) and that f0n and f1n satisfy the assumptions of Theorem A.2.

4.3. DFE local stability analysis. At the DFE (4.1), the characteristic equation (4.10)
becomes

λ

µ
Āµ(z, h) = 1.

Note that λµ Āµ(1, h) = R0(h). Suppose that R0(h) < 1 and there is a root z with |z| < 1.
Then ∣∣∣∣λµĀµ(z, h)

∣∣∣∣ ≤ R0(h) < 1,

which is a contradiction. Thus, the stability follows.
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4.4. EE local stability analysis. In the following, we present and analyze characteristic
equations for the endemic equilibria EE(h) (4.2) of some submodels obtained by specific
choices for the IFD Aµ and the memory kernel K, which have been listed in Section 2 as
the more common one in the literature and significant in the applications. Here, the step size
h > 0 is fixed. In our analysis, we assume that |z| < 1; however, all the results can be easily
extended to |z| ≤ 1, by passing to the limit for z̃ → z, with |z̃| < 1.

As a main consideration, we observe that the assumption |z| < 1 implies that

(4.11)
∣∣β(Me(h))Se(h)Āµ(z, h)

∣∣ ≤ 1, Re

(
1 + h

β(Me(h))Fe(h)

1− z + µh

)
> 1,

where the first bound is a consequence of the equilibrium condition (4.4)i.
THEOREM 4.3. If Aµ(τ) is positive definite and K(τ) = δ(τ), then EE(h) is LAS for

any choice of the functions β and g.
Proof. When K(τ) = δ(τ) the characteristic equation (4.10) reads

(4.12)

β(Me(h))Se(h)Āµ(z, h)

(
1 +

g′(Fe(h))β′(Me(h))Fe(h)

β(Me(h))

)
= 1 + h

β(Me(h))Fe(h)

1− z + µh
.

If Aµ(τ) is a positive definite function, then {Aµ(tn)}n is a positive definite sequence and the
discrete analogue of the Bochner characterization holds; see [26, Lemma 8.2]. Then

Re
(
Āµ(z, h)

)
≥ 0, in |z| < 1.

Since g′ < 0 and β′ > 0, considering (4.11), the real part of the left-hand side of (4.12) is
smaller than or equal to 1, while the real part of the right-hand side is strictly larger than 1.
It is not possible for (4.12) to have root inside the unit circle, and then the local stability is
guaranteed by Theorem 4.2.

Examples of infectivity functions that satisfy Theorem 4.3 are convex, non-negative, and
non-increasing functions on [0,∞) [26]. Among them, a notable case is Aµ(τ) = e−(µ+ν)τ ,
which leads to the SIR-M compartment model introduced in [12].

In a more general context for Aµ, given (4.11), we derive that a sufficient condition for
equation (4.10) not to have roots with |z| < 1 is

(4.13)
∣∣∣∣1 +

g′(Fe(h))β′(Me(h))Fe(h)K̄(z, h)

β(Me(h))

∣∣∣∣ ≤ 1.

In the following, we analyze how condition (4.13) affects the model parameters when the
memory kernel K is a Dirac delta or a weak Erlang distribution.

THEOREM 4.4. Assume that K(τ) = δ(τ) or K(τ) = ae−aτ , with a ∈ R+, and that the
functions β and g satisfy the inequality

(4.14) g′(Fe(h))β′(Me(h))Fe(h) ≥ −2β(Me(h)).

Then EE(h) is LAS for any choice of Aµ(τ).
Proof. When K(τ) = δ(τ), the sufficient condition (4.13) reads∣∣∣∣1 +

g′(Fe(h))β′(Me(h))Fe(h)

β(Me(h))

∣∣∣∣ ≤ 1,

which is equivalent to (4.14) since β′ < 0.
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If K(τ) = ae−aτ , then

K̄(z, h) =
eah − 1

eah − z
.

Set c = g′(Fe(h))β′(Me(h))Fe(h)
β(Me(h)) . Let z = x+ iy, and consider∣∣∣∣1 + c
eah − 1

eah − z

∣∣∣∣2 = 1 +
c(eah − 1)

(eah − x)2 + y2

(
c(eah − 1) + 2(eah − x)

)
.

Condition (4.13) is satisfied if ∣∣∣∣1 + c
eah − 1

eah − z

∣∣∣∣2 ≤ 1,

that is,

(4.15)
c(eah − 1)

(eah − x)2 + y2

(
c(eah − 1) + 2(eah − x)

)
≤ 0.

The negativity of β′ implies that c < 0, and then (4.15) is satisfied for c ≥ −2.
When the memory kernel has the unimodal form K(τ) = a2τe−aτ , condition (4.13)

reduces to

(4.16)

∣∣∣∣∣1 +
z(eah − 1)2g′(F̃ (h))β′(M̃(h))F̃ (h)

(eah − z)2β(M̃(h))

∣∣∣∣∣ ≤ 1.

Let z = x+ iy and c = g′(F̃ (h))β′(M̃(h))F̃ (h)

β(M̃(h))
. Then condition (4.16) becomes

(4.17)
∣∣1 + c(eah − 1)2(X + iY )

∣∣ ≤ 1,

where

X =
x[(eah − x)2 − y2]− 2y2(eah − x)

[(eah − x)2 + y2]2 + 4y2(eah − x)2
, Y =

y[(eah − x)2 − y2]− 2xy(eah − x)

[(eah − x)2 + y2]2 + 4y2(eah − x)2
.

From (4.17) we derive

−1 ≤ 2c(eah − 1)2X + c2(eah − 1)4(X2 + Y 2) ≤ 0,

which is not true for any x and y in the interval (−1, 1).
REMARK 4.5. The fact that the sufficient condition (4.13) is not satisfied suggests that

the choice of unimodal memory kernels may lead to instability of the equilibrium EE(h), in
accordance to what is observed for the continuous model in Remark 2.4.

5. Qualitative relation and approximation properties. In the previous sections we
have addressed the problem of how to construct a numerical method that, for any step size
h > 0, replicates all the properties introduced in Section 2.

Here, we consider the effect of the approximation (3.2) on equilibria under the assump-
tions (2.2) on Aµ and K. First of all, we observe that, because of Lemma 3.3, R0(h)→ R0 as
h→ 0. For the bounds (2.4) and (3.13) on the continuous and numerical solution, respectively,
the following result holds:
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THEOREM 5.1. For any h > 0, Smax = Smax(h), Fmax < Fmax(h) < F̄ , and
Mmax < Mmax(h) < M̄ , with F̄ and M̄ positive constants. Furthermore,

lim
h→0

Fmax(h) = Fmax + λÂµ(0),

lim
h→0

Mmax(h) = Mmax + g(Fmax + λÂµ(0)).

Proof. The proof is straightforward by considering in (3.13) that Āµ(1, h), K̄(1, h)<+∞
and that Āµ(1, h)→ Âµ(0) and K̄(1, h)→ 1, as h→ 0; see Lemma 3.3.

THEOREM 5.2. Consider the endemic equilibria EE = (Se, Fe,Me) and
EE(h) = (Se(h), Fe(h),Me(h)) of the continuous and numerical models, respectively. Then

lim
h→0

EE(h) = EE.

Proof. The function Φ(h, x) defined in (4.3), is a continuous function in [0,+∞)× [0, F̄ ],
and, from Theorem 4.1, it has a unique zero Fe(h). Furthermore, since R0(h) → R0 and
K̄(1, h) → K̂(0) = 1, as h → 0, we have Φ(0, x) = Φ(x), where Φ(x) is the nonlinear
function defined in (2.5), for which Fe is the unique zero; see Section 2. Thus, Φ(h, x) satisfies
the assumptions of [30, Theorem 3.5], which show the continuous dependence of solutions
to nonlinear equations with respect to parameters. Therefore, we have that Fe(h)→ Fe and,
from (4.4), also Me(h)→Me and Se(h)→ Se, as h→ 0.

Thanks to Theorems 5.1 and 5.2, we can assert that the characteristic equation (4.10) is
consistent as h → 0 with the characteristic equation (2.6) of the model (2.1). This is clear
upon the change of variable z = e−wh, with Re(w) > 0, in (4.10) and passing to the limit as
h→ 0.

Concerning the local stability analysis, it is clear that the sufficient conditions established
in Theorems 4.3 and 4.4 for the numerical equilibria are consistent, as h → 0, with the
continuous analogue described by Theorem 2.3.

All the considerations and results reported in this section demonstrate that not only the
numerical model behaves in agreement with the continuous model in terms of preservation of
the main properties such as positivity invariance, existence of equilibrium solutions and their
stability, independently of the step size, but also all the numerical parameters that describe the
numerical dynamics converge, as h→ 0, to their continuous counterparts.

6. Numerical examples. In this section, we present some numerical examples, based
on the non-standard discretization (3.2) of the model (2.1), with the aim to illustrate ex-
perimentally the theoretical results of the previous sections. The discrete model described
by equations (3.2) needs a specification of the initial condition S0 = S(0) and the forcing
functions F0(t), M0(t) defined in (3.1). By the same considerations made in [9], we set

F0(t) = Aµ(t)(λ− µS0).

Moreover M0(t) is defined in (3.1). In our experiments the weight factors γ1(h), γ2(h), and
γ3(h) are chosen according to (HP2) and (HP3). For all the experiments we use

g(F ) = F and β(M) =
1

1 + αM
,

where α > 0 is a decline factor due to voluntary social distancing.
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FIG. 6.1. Problem (2.1)-(6.1): norm of the errors (solid line) as functions of the step size, compared to the slope
of order one (dashed line).

As first example we integrate problem (3.2) for t ∈ [0, 1], with

(6.1)

Aµ(τ) = β0e
−(µ+ν)τ , K(τ) = ae−aτ , β0 = R0

(µ+ ν)

N
,

R0 = 3.3, ν = 1/7 days−1, µ = 1/75 years−1, a = 1/30 days−1,

N = 5 · 104, S0 = 0.8N, α = 10.

To study the convergence of our numerical scheme, we use the discrete solution computed
with step size h = 10−6 as reference solution. The reduction of numerical errors as function
of the step size, shown in Figure 6.1, confirms the linear convergence stated in Theorem 3.2.

To compare the performances of the non-standard method (3.2), proposed in this paper,
with other methods, we solve the following problem:

(6.2)
Aµ(τ) = β0e

−(µ+ν)τ , β0 = R0
(µ+ ν)

N
, R0 = 20,

ν = 1/4 days−1, µ = 1/75 years−1, N = 5 · 107, S0 = 0.97N.

For the sake of simplicity, in this simulation, we do not take into account any behavioral
changes within the population. We adapt standard discretization rules (see, for example, [25])
to problem (2.1). In particular, we show a first experiment where we couple the Euler
method for (2.1)i and trapezoidal direct quadrature for (2.1)ii,iii, thus resulting in an explicit
method. In a second experiment we use the implicit trapezoidal discretization for the whole
problem (2.1). Figure 6.2 shows the outcomes of these computations, with step size h = 0.5
(non-standard on the left, Euler-trapezoidal in the middle, and trapezoidal on the right). It is
clear that the two standard methods do not respect the positivity property.

Finally, since our numerical scheme is robust in identifying what the theoretical results
predict, we believe that our method can provide various insights where theoretical results are
lacking. This allows us to analyze situations of instability and limit cycles, as illustrated in this
last application motivated by SARS, which is a case-study discussed in [9]. Here, following
Roberts’ approach proposed in [33], we consider a trapezoidal infectivity distribution given by

(6.3) A(τ) =


p0

τ−τa
(τb−τa) , τa < τ < τb,

p0, τb < τ < τc,

p0
τd−τ

(τd−τc) , τc < τ < τd,

0, otherwise.
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FIG. 6.2. Problem (2.1)-(6.2): comparison of numerical solutions with h = 0.5.

FIG. 6.3. Time profile of the ratio F/Fe as predicted by model (2.1): case with strong Erlang memory kernel,
i.e., K(τ) = a2τe−aτ , and IF given by (6.3).

In (6.3), it is assumed that infected individuals can transmit the infection within the time
intervals τb and τc. Transmission does not occur before time τa or after time τd, and the
transmission probabilities between the time intervals τa and τb, as well as between τc and τd,
are estimated using linear interpolation. Here, the parameter p0 weights the contacts between
the infected and susceptible individuals. We additionally suppose that the memory of the
population is represented by a strong Erlang distribution,K(τ) = Erl2,a, implying that current
information is unavailable, and the highest significance is assigned to information received
by the public after a characteristic time T = 2/a. This aligns with the scarcity of available
information about SARS when it first emerged. For this application, we take R0 = 3.3,
(τa, τb, τc, τd) = (4, 7, 11, 14), α = 5 · 104, a = 1/30, S0 = 0.7N , µ = 1/75 years−1, and
N = 5 · 107. In Figure 6.3 we observe that self-sustained oscillations are produced, and the
instability, as discussed in Remarks 2.4 and 4.5, is illustrated experimentally.

7. Conclusions. In [9] we have introduced an integro-differential model describing an
epidemic of an infectious disease taking into account human behavioral feedback. In this
paper, we have proposed a numerical method based on a weighted non-standard technique,
built ad hoc on the model proposed in [9], to preserve the positivity of the solution and the
asymptotic behavior of the continuous model, without any restriction on the discretization
step size. For this purpose, for any fixed value of the step size h > 0, we have regarded the
numerical method as a discrete-time model and obtained results on the stability of numerical
equilibria which replicate the ones described in Section 2 for the continuous model. Since it
is natural to ask whether the equilibria of the numerical method are close to the equilibria of
the integro-differential model, we have also studied their approximation properties proving
the convergence as h→ 0. These properties make the numerical method we propose efficient
and reliable in long-time simulations, which are essential to gain a deep understanding in
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equilibria of the system and their stability properties related to control parameters, especially
when theoretical results are not available. Numerical experiments confirm this view. In fact,
in Figure 6.2, where our non-standard method is compared with discretizations from the
classical literature, it can be seen that, at the same discretization step size, the latter exhibits
non-physical oscillations. Moreover, in the simulation shown in Figure 6.3, limit cycles,
assumed but not demonstrated (see Remark 2.4) for an unimodal choice of the memory kernel,
are evident.
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Appendix A. Preliminaries of stability. Consider the nonlinear system of discrete
Volterra equations

(A.1) xn = fn +

n∑
j=0

Bn−j{xj + Gj(xj)}, n = 0, 1, . . . ,

in Rd, where the functions Gj(·) are Lipschitz and satisfy Gj(0) = 0 for all j. To study the
behavior of the solution of (A.1), we introduce the following linear system:

(A.2) yn = fn +

n∑
j=0

Bn−jyj , n = 0, 1, . . .

Assume that det(I− Bn) 6= 0, ∀n ≥ 0. Then the unique solution of the system (A.2) is given
by

(A.3) yn = fn −
n∑
j=0

Rn−jfj , n ≥ 0,

where {Rn}n are the resolvent matrices of the kernel {Bn}n, such that

(A.4) Rn−m =

n∑
j=m

Rn−jBj−m − Bn−m, 0 ≤ m ≤ n.

Let | · | denote a norm of vectors in Rd as well as the corresponding subordinate matrix
norm. The following results represent the basis for studying the stability properties of the
solution to the model (3.2).

THEOREM A.1 ([34, Lemma 2.1]). Let {xn}n be the solution of (A.1) and {yn}n the
solution of (A.2) given by (A.3). Then

xn = yn −
n∑
j=0

Rn−jGj(xj), ∀n ≥ 0.

THEOREM A.2 ([34, Theorem 3.24]). Assume that

sup
n≥0
|yn| <∞, lim

n→∞
yn = 0,

∞∑
n=0

|Rn| <∞, lim
n→∞

|Rn| = 0,
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where {yn}n is the solution to (A.2) and {Rn}n is defined in (A.4). Then the solution {xn}n
of (A.1) also satisfies limn→∞ xn = 0.

THEOREM A.3 ([26, Corollary 6.2]). Consider the discrete system of Volterra equations

(A.5) yn = fn +

n∑
j=0

Bn−jyj , n = 0, 1, . . . ,

where
∑∞
n=0 |Bn − B∞| <∞ for some B∞. B∞ and fn can be written as

(A.6) B∞ =

[
B1
∞
0

]
, fn =

[
f0n
f1n

]
,

where B∞ is an arbitrary constant matrix composed of two block, a null block with dimension
k and a constant block with dimension l, denoted as B1

∞, and f0n, f1n have dimension l and k,
respectively. Then

yn −→ 0, whenever f1n,∆ f0n −→ 0 (n→∞),

if and only if

(A.7) (1− z)l det

(
I−

∞∑
n=0

Bnzn
)

= 0,

has no solution for |z| ≤ 1.
For |z| = 1, (A.7) has been interpreted as the limit for z̃ → z, |z̃| < 1.
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