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ON MULTIDIMENSIONAL SINC-GAUSS SAMPLING FORMULAS
FOR ANALYTIC FUNCTIONS*
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Abstract. Using complex analysis, we present new error estimates for multidimensional sinc-Gauss sampling
formulas for multivariate analytic functions and their partial derivatives, which are valid for wide classes of functions.
The first class consists of all n-variate entire functions of exponential type satisfying a decay condition, while the
second is the class of n-variate analytic functions defined on a multidimensional horizontal strip. We show that the
approximation error decays exponentially with respect to the localization parameter N. This work extends former
results of the first author and J. Prestin, [IMA J. Numer. Anal., 36 (2016), pp. 851-871] and [Numer. Algorithms, 86
(2021), pp. 1421-1441], on two-dimensional sinc-Gauss sampling formulas to the general multidimensional case.
Some numerical experiments are presented to confirm the theoretical analysis.
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1. Introduction. During the past two decades, the modification of various types of uni-
variate and bivariate sampling series using Gaussian multipliers has attracted many researchers
due to the slow convergence rate of these types of sampling. The modification of univariate
sampling with Gaussian multipliers was studied using a Fourier-analytic approach by Qian
and his collaborators; see, e.g., [12, 13, 14, 15]. Schmeisser and Stenger in [18], Tanaka et
al. in [19], Asharabi in [2], and Asharabi and Prestin in [6] have studied the modification
of various types of univariate sampling series based on a complex-analytic approach. The
modification of bivariate classical and Hermite sampling with bivariate Gaussian multipliers is
introduced in [3, 6] based on a complex-analytic approach. Furthermore, these modifications
are employed for approximating the ordinary and partial derivatives of analytic functions
with high accuracy; cf. [4, 7]. To the best of our knowledge, there is no single study on the
modification of the general multivariate sampling series with Gaussian multipliers, the work
of Lin and Zhang in [10] being an exception. They have studied their modification based on a
Fourier-analytic approach.

Now let us briefly review the general multivariate Whittaker-Kotelnikov-Shannon (WKS)
sampling series and the modification of Lin and Zhang. The Bernstein space B?(R™), o > 0,
1 < p < o0, is the set of all functions from LP(R™) that can be extended to n-variate entire
functions of exponential type o, where LP(R™) denotes the Banach space of all complex-
valued Lebesgue-measurable n-variate functions with the standard norm

(feo 1P a2) " 1 <p<oc,

ess. sup | f(z)] p = 0.
zERM

(1.1) £l =

According to Schwartz’s theorem [11, p. 109], the Bernstein space is defined by
B2(R™) = {f € LP(R"): suppfc [—o, 0]"} ,
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where f is the Fourier transform of f in the sense of generalized functions. The general

multivariate WKS sampling theorem states that if f belongs to the Bernstein space B2(R™),
1 < p < o0, then f can be represented as

(1.2) f(z)= Z f <k:> Hsinc(azj — kym),
j=1

kezn
where k = (k1,...,k,) €Z", 2z := (21,...,2,) € C", and the sinc function is defined as
< t
. T4,
(1.3) sinc(t) = 3
1 t=0.

The series (1.2) converges absolutely and uniformly on R™ and uniformly on any compact
subset of C"; see, e.g., [22]. The convergence rate for this series is slow unless | f(z)| decays
rapidly as |z;| — oo forall 1 < j < n, and it is of order O(N’l/p), p > 1; cf. [23]. Here,
N denotes the number of samples of f in the truncated series. The slow convergence rate is
due to the slow decay of the sinc function. Asharabi and Al-Abbas in [5] have incorporated
a convergence factor from the Bernstein space B? (R™) into the sampling series (1.2), and
they have established a regularized multivariate sampling expansion. Let f € Bf 1-60)0 (R™),
0<f<1,1<p<oo,and H?Zl ¥; € By_(R™). Then, for z € R", we have [5]

n

(1.4) fla) =" flkh) [ ¢i(h "z — k;) sinc(rh™ z; — k;m),

kezn j=1

where ¢;(0) = 1,j = 1,...,n,and h € (0,7/0]. The series (1.4) converges absolutely
and uniformly on R™ and on any compact subset of C". Its convergence rate depends on
the convergence factor {9, j=1- According to Nikol’skii, the decay of Bf (R™)-functions is
limited. It is well-known that the function in the space B2 (R™) cannot decay faster in R™ than
[T, e~el=l™ for |x;| — oo, where z := (1, ...,2,), m; €]0, 1], a; are positive numbers,
and j = 1,...,n. Here we would like to mention that the modification of the multivariate
WKS sampling series (1.2) with a bandlimited multiplier can reconstruct the functions exactly;
see (1.4). If we modify the sampling series with a non-bandlimited multiplier, like a Gaussian
multiplier, then the modification formula cannot reconstruct the function exactly.

Lin and Zhang have defined their modification for the multivariate WKS sampling (1.2)
as, cf. [10],

15 Senlfl@) = 3 fk) [] sine(ra; — k) exp <M>

, N -2
keJn j=1

where N > 2,0 = (m —0)/2,0 € (0,7), and Jy := {k€Z":k € (—N,N|"}. The
formula (1.5) is used to reconstruct a multivariate function f that belongs to the Paley-Wiener
space B2 (R™) from its finite samples f(k), k € Jy. Based on a Fourier-analytic approach,
they have estimated the error | f(z) — S, v [f](z)] for f € B2 (R™) by a bound of exponential
order. In other word, if f € B2 (R"), then for = € (0,1)", Lin and Zhang have shown
in [10, Theorem 2.5] that

e—d(N-1)
(16) 1) = SuaN10)] =0 (5= ).
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The bound in (1.6) is valid only for real-valued functions from the Paley-Wiener space
B2 (R™) and needs an adaptation when we approximate the function f outside the region
(0,1)™. Here we would like to point out that the modification of the sampling series with
Gaussian multipliers, which uses samples only from the function itself, is called sinc-Gauss
formula; cf., e.g., [4, 19, 21].

In this paper, based on the complex-analytic approach, we modify the general multivariate
WKS sampling (1.2) with the help of a Gaussian multiplier. This modification will be valid for
wide classes of functions. The first class consists of all n-variate entire functions of exponential
type satisfying a decay condition, while the second is the class of n-variate analytic functions
defined on a multidimensional horizontal strip. Also, this modification extends the results in
[6, 7] to multidimensional sinc-Gaussian sampling formulas. Asharabi and Prestin, cf. [6, 7],
have established only the bivariate sinc-Gauss sampling formula and left the extension of their
results to the general multidimensional case as an open problem. They have shown that a
straightforward generalization to the general multivariate case for their kernel does not lead to
the desired estimate, cf. [7, Remark 2.2.]. Here we have found a meaningful way to transfer
the bivariate kernel to the general multivariate case. All the results in [6, 7] will be extended
to the general multivariate case.

The rest of the paper is organized as follows: In Section 2, we establish the multivariate
sinc-Gauss sampling formula and estimate the error for entire and holomorphic functions
on an infinite multivariate horizontal strip domain. Section 3 is devoted to applying the
multivariate sinc-Gauss formula to approximate the partial derivatives of analytic function of
several variables of any order using only finitely many samples of the function itself. Section 4
deals with numerical illustrations.

2. Multivariate sinc-Gauss sampling. Let E7'(¢), 0 > 0, be the class of entire func-
tions of several variables satisfying the following growth condition

QD | f2)I<e( Rex |,y | Rz |) exp UZl%Zj| , z:=(21,...,2,) € CY,

j=1

where ¢ is a non-negative function on R’} that is nondecreasing for all variables |[Rz;],
j =1,...,n. The authors of [6] have introduced the space E2 (i) and showed the inclusion
BP(R™) C E?(p), n = 2. This inclusion is still true for all n > 2. For h € (0,7/0], set
B := (m — ho)/2, and let E™ be the class of all entire functions on C™. In the class EZ (),
we define the multivariate localization operator G, » n : EZ () — E™ N LP(R™) as follows:

B(zj — k;jh)?
22) GunnIf Z f(kh) Hsmc (th™'2j — kym) exp (Nh2 7
keZR (2)
where N is a positive integer, z € C", k = (kq,..., k), and
(2.3) ZR(2) :={keZ": ||[n'"Rz; +1/2] —kj| <N, j=1,...,n}.

The univariate and bivariate case of the operator G, 5, x are introduced in [18] and [6],
respectively. For establishing the operator G,, 5, v, we need to consider the kernel function

ﬁ exp (—B(z; — w;)?/Nh?)

24 2(
@4 K (w; — z;) sin(mh=1w;)

)
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where w := (w1, ..., wy), 2 = (21,...,2n), and

n

(2.5) p.(w) == — H (sin(rh~'w;) — sin(rh™'2;)) + H sin(rh~tw;).

Jj=1 Jj=1

The bivariate form of this kernel function is considered in [6]. As we have mentioned in
the introduction, the authors of [7] have shown that a straightforward generalization for
their bivariate kernel does not lead to the multivariate operator Gy, 5, n; cf. [7, Remark 2.2.].
In (2.4) and (2.5), we found a meaningful way to transfer their bivariate kernel to the general
multivariate case. On the w;-plane, let I?; be the positively oriented rectangle with vertices
at £h (N + %) + h|h™'Rz; + 3| +i(Sz; £ N), forall j = 1,...,n. This kernel has a
singularity of order 1 at all the points of the sets

{weC":w; =z forsome j}U{w e C":w; =kjh forsome j}.

In the following result, we show that the error of the approximation by the operator G, 5, v
for functions from E7 () can be written as the integral of the kernel K, over the rectangles
Rla ey Rn

LEMMA 2.1. Let f € E? (). Then we have for all z € C™*

1
QO 1) =Gl = G qu{ . Rj( Ko (w) f(w) duwy ... duon,

n

where R;, j = 1,...,n, is the positively oriented rectangle defined above.

Proof. For convenience, we define F'(w) := K,(w)f(w). Let Res1 F(A1;wa, ..., wy)
be the residue of the univariate function w; — F'(wq,...,w,) at the point w; = A; € C with
wa, . .., w, considered complex parameters. Assume that

Res[_lF(/\l, ey /\g_l; Wey ey U)n)

has already been defined. Then Res;F'(\1, ..., A\¢; wey1, ..., wy,) is defined as the residue of
the univariate function wy — Resy_1F(A1,..., Ae—1;wy, ..., w,) at the point wy = Ay € C
with wyyq, ..., w, considered complex parameters. By the special form of the function F/, it
can be verified that

ReseF( A1, ..., s weq1,. .- wy) =0 unless  (Ag,..., ) € {(21,...,2¢)} U hZ*,
where 2 < ¢ < n. Furthermore, we have for all z € C"
2.7) Resp, F(z1,...,2n) = f(2),

and

(2.8) Resp,F(kih,... k,h) = —f(kh) H sinc(mh~'z; — kjm) exp (— N

Jj=1

m%—@m3’

for all (kq,...,k,) € Z™. Calculating the integrals on the right-hand side of (2.6) one after
the other with the help of the residue theorem, we get

1
G ?{ .. ]{Kz(w)f(w) dwsy ...dw, = Res, F(z1,...,2n)
(2.9) fn

+ > RespF(kih,... kyh).

keZ? (z)
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Combining (2.7), (2.8), and (2.9) implies (2.6). 0

In the following result, we rewrite the function p,(w), which is defined by (2.5), as a
finite sum of products. This formula will be used in the proof of Theorem 2.3.

LEMMA 2.2. The function p,(w) can be written in the form

n

(2.10) pe(w) = Z(—l)"”rl Z H sin(rh™'z;) H sin(mh ™ wy),

m=1 N €P(I) jEN, 1EM,,

where Ny, is a subset of I = {1,2,...,n} such that it contains any m elements, M, = I\ N,,,
and P(I) is the set of all subsets of I. Note that M,, is the empty set.

Proof. The proof can be easily established by mathematical induction, so we leave it to
the reader. a

In the following theorem, we estimate the integral in (2.6) to find an error bound for

1/ (2) = Gnn.n[f1(2)]-
THEOREM 2.3. Let f € E”(y). Then we have for all |Sz;| < N, j=1,...,n,

(211 £ (2) = Gnnn[f1(2)] < 2¢ (n(2)) By (2)

where the function @ is given in (2.1) and 7 is defined as
(2.12) n(z) :== (b(z1),...,b(zn))
such that b(z;) := |Rz;| + h(N + 1), forall j = 1,...,n. The function By is defined by

(2.13)

e~ BN
=y e (Vam) ST Jsien o155,

m=11eMy, Nm€P(I)jENm

where

On(t) := cosh(26 t) +

2 B t?/N 1 e28 e—2Bt
VBN (1 (/N)?) T2 [ew—” —1 " en v -1
(2.14) =cosh(28t)+ O (N_1/2) as N — oo.

Proof. Substituting (2.4) and (2.10) into (2.6), the integral in (2.6) can be written in the
form

f(Z) - gn,h,N[f] Z)

m=1 N €P(I) j€EN,

e—B(zj—w;)?/Nh® 11 e—B(zi—w)?/NR?

7{ 7{ 76Nm 1EM dw dw
sin(mh=tw;)(w; — 2z;) [ (w —2) Lo 8
R, Ri jEN leM,,

where R;, j = 1,...,n, is the positively oriented rectangle defined above. Applying the
multidimensional version of the Cauchy integral formula, cf., e.g., [9, p. 26], we get for a
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fixed m,

ﬂf(w)‘wl:'zl}lGMm
(2.16) 1 f(w) lel;[/[ exp(—B(z — w;)?/Nh?)
= (27ri)nfm % H (wl — Zl) H dwy,

I R 1E€M,, 1&Mum
1€Mm

where zy € C, ¢ € M,,, are arbitrary but fixed complex parameters, whereas wy € C, ¢ € M,,,
are complex variables. Combining (2.16), (2.15), and in view of the definition of the sets M,
and N,,,, we obtain

|f(2) _gnhN[.ﬂ(Z)‘

= [ HL Z H |Sin(7Th71,Zj)|
@1y "t Nm€P(I) j€Nm
{f(@)wi=2}iem,, 1:[\/ exp(—f(z; — w;)*/Nh?)
JE m
) 7{ 1 sin(mh=—Tw;)(w; — z;) I1 |dwg|]
jen, B JENm JENm,

Since f € E”(¢) for all points w € [] R;, we have
j=1

(2.18) [f(w)] < ¢(n(2)) H e?1Swil,

where the function 7 is defined in (2.12). Aside from that, it is easy to verify that for all
w; € R;, we have

2.19) @) e Henn ] < o) [T el T e,

JENm leM,,

for all M,,, C I. This results from the assumption that the function ¢ is nondecreasing for all
variables |Rz;|, j = 1,...,n. Substituting (2.18) and (2.19) into (2.17), we obtain

|f(2) = Gnonn[f](2)]
< o(n(2)) [

Z H |sin(mh™" z;)| H e?15%!l

(2.20) m= N ,EP(I) jEN, leM,,
% H % exp U|‘Swj‘ _1 (Zj - wj)2/Nh2) |dw]| )
SN sin(mh=1w;)(w; — z;)

By splitting the contour integral over I; into four integrals along line segments and transform-
ing the latter into ordinary integrals, one can imitate the estimates in [18, pp. 203-205] to
obtain

221 f
R;

J

exp(o|Swj| — Bz — w;)*/Nh?)
sin(mh=tw;)(w; — 2;)

dw;| < 4m0n (R 1Sz,
J J

Combining (2.21) and (2.20), we finally get (2.11). 0
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REMARK 2.4. The special cases of Theorem 2.3 for n = 1 and n = 2 were stated by
Schmeisser and Stenger in [18, Theorem 2.1] and by Asharabi and Prestin in [6, Theorem 3.3],
respectively.

On the complex domain, the bound in (2.11) depends on the growth of the functions ¢
and B, while on the real domain, the bound (2.11) depends only on the growth of (. This
holds because the function By is a bounded function on the real domain. Precisely, for all
z € R", we have

2e— AN

By (z)] < Z ( ” ) (\/m>m_19§(;(0).

m=1

Since the function ¢ is nondecreasing, we can take one of familiar growth: constant,
polynomial, and exponential growth. In the following results, we investigate the cases of
slower and faster growth, which will be advantageous special cases of Theorem 2.3.

COROLLARY 2.5. Assume that f € BX°(R™). Then for all z € C™ we have

—BN
(222) 1) = Gann M) < 2l B () =
If f belongs to the Paley-Wiener space B2(R™), then we get for all = € C™ that
n —BN
(2.23) 1£(2) = Gnn N IfI(2)] < 2(0/m)? IIf\IzBN(Z);ﬁ,

where the norm || f||,, 1 < p < o0, is defined by (1.1) and By is given in (2.13).
Proof. Since f € B3°(R™), it satisfies the growth condition

(2.24) FE< I oo [T €71,
j=1

and the decay condition in (2.1) is valid with the constant growth ¢ := || f||oc. Note that the
norm || f||s is defined by (1.1). Therefore, we get (2.22). For f € B2(R"), we have

1 / N )
—_— f(w)el<z’w>dw,
(27‘1’)"/2 [~o,0]n

where f is the Fourier transform of f and (x, w) is the inner product on R™. Applying n-times
the CauchyaASSchwarz inequality yields

ForE /[ Mwldw < (o/m)|fil

fz) =

(2.25) I flloo <

Since f € L?(R"), the Parseval equality holds, cf., e.g., [20, p. 292],

(2.26) 1£1lz = 111l
The proof is completed by combining (2.26), (2.25), and (2.22) and using the fact that
B2%(R"™) C B(R™). 0

COROLLARY 2.6. Assume that f is an entire function satisfying the exponential growth
condition

(2.27) f(2)] < M [ ertPltols=l o zecn, M >0,
j=1
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where o, k are non-negative numbers and o + k > 0. Then, we have for |3z;| < N that

o rc<h+_§|éresz o~ (B—kh)N
(2.28) |£(2) = Gnnn[f](2)] < 2Me ~(2) N

where h € (0,7/(0 + 2k)) and By is defined in (2.13).
Proof. By assumption, f is an entire function satisfying (2.27). In this case, we get

(32 |R25)) N N
(229)  [{F(0)lums hiear, | < MV me =T T eal [T eotoval,

leMp, JENm

Using the estimate in the proof of Theorem 2.3, we get (2.28) after restricting h to the interval
(0,7/(0 + 2K)). o

In the rest of this section, we investigate the operator G, j n for n-variate analytic
functions defined on the multidimensional horizontal strip

Sy ={2€C":[Qz| <d forall j=1,...,n}.

Denote by A7} () the class of n-variate analytic functions f : S7 — C™ which satisfy the
following condition:

[ FE) €@ Ra |, [ R2n ), 2:= (21,000, 20) € 53,

where ¢ is defined after (2.1). For functions from the class A” (), we study the operator
Gn.n,n in the special case h := d/N and 5 = 7 /2. In the following theorem, we establish a

bound for the error ‘f(z) -G, ¢ NIfl(2)|, where f € A% () and 5 = /2.

N

THEOREM 2.7. Assume that f € Aly(). Then for z € 53/4, we have

n & m
(2.30) =7 m

> I

Nm€P(I)jEN,

A
=
O

ii\g

N 2[S9z
sin TNz v % —6_ - (1_ ’ )
d M\ d VN :

where the functions © and 7 are given in (2.1) and (2.12) (with h = d/N), respectively. The
function ¥ is defined by

NS ST

= +
231) Lo\ L= mVN (L 41)

1
:ﬁ(l—f—O(N_l/g)) as N — oo.
Proof. Let R ; to be the positive oriented rectangle with vertices at
1 1
:th(N + 5) -+ hNhflzj +id and 4+ h(N + 5) -+ hNh—lzj — l(d — %Z]) if SZ]' > O,
where N, = [Rz; + 1] and h = d/N. When Sz; < 0, the vertices are

1 1
ﬂ:h(N + 5) + hNh—le —id and =+ h(N + 5) + hNh—lZ]. +l(d — %Z])


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

250 R. M. ASHARABI AND F. H. AL-HADDAD

Since f € A% (y), it is easy to see that the integral representation in (2.6) is also valid for
the special operator G,, a n with the multivariate rectangle ]_[?:1 R ;. Applying the triangle

n, 4§
inequality for (2.15) after replacing the rectangle R; by R; with taking h = % and 8 = §
and using (2.16), we obtain

1f(2) = G g N [F1(2)]
1 n
>l
1LN,eP

=< m
(2m) (1)3ENm

sin TNz
d
e—NW(Zj—U)J)2/2d2 W) |y —»
Xf\ Ter.{f( )l l l}ZGJV[m ‘dw7| )
R; sin (—d ’) (w; — z5)

(2.32)

m=

n
Since f € A%(¢p), for all points w on the multivariate rectangle [] R;, we have
j=1

(2.33) |f(w)] < e(n(2)),

where the function 7 is defined in (2.12). Similarly for all w € [] R;, we obtain that
j=1

(2.34) {f (W)= }ienr,, | < 0(0(2))

for all M,,, C I. This is a consequence of the assumption that the function ¢ is nondecreasing
for all variables [Rz;|, j = 1,...,n, and b(z;) = |Rz;| + h(N + 1). Applying the same
technique as in Theorem 2.3 with the use of (2.33) and (2.34), we obtain

sin TNz
d

—Nm(zj—w;)?

f o
X w; |-
sin (%) (w; — z5) !

R, J

<¢<n(z>>§j[(2;)m S 1

(2.35) m=1 Ny €P(I) j€ENm,

By splitting the contour integral over R ; into four integrals along line segments and trans-
forming the latter into ordinary integrals, one can imitate the estimates in [18, pp. 209-211] to
obtain

(2.36) ]{ ST duw;| < 4v20y (“dzi) ‘ T
7, |sin (TJ) (w; — z;) N

The proof is completed by combining (2.36) and (2.35). O
The bound in (2.30) depends on the growth of the functions ¢ and the behavior of the
term

N 2|8z
sin Nz v % —6_ - (1_ ’ )
d M\ d VN ‘

> (22) v

m=1 Non€P(I) jENm
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On the real domain, the bound (2.35) will be of exponential order and depends only on the
growth of the functions ¢. Indeed, for all f € A%}(p) and for x € R”™, we have

237 |f(x) —gn,%,w[f](x)‘ <o) Y (Z) <2\7r/§> () (e\_/ﬁ> ’

m=1

3. Approximation of partial derivatives. In this section, we extend our work in the
last section to the approximation of the partial derivatives of any order of a function f of
several variables that belongs to the class E”(¢) or A% (). Let, hEreJrand throughout the

§o1+-Fan

paper, a == (a1,...,ap),a; € Ng, j =1,...,nand DY := Sw——.. We define the

0z11...0z0m
partial derivatives of the operator G,, 5, x as

3.1)

o B (2 — ki)
DG nnN(f Z f(kh)DS Hsmc 7rh kjw) exp -
kEZT (2)

In the following result, we show that the approximation error for the partial derivatives of
functions from E7 () using the operator D*G,, ;, n can be written as an integral of the partial

derivatives of the kernel K, over the multivariate rectangle H R;.

LEMMA 3.1. Let f € E?(p) and a == (o, ..., ap) € N” Then we have for all z € C",

(3.2) D2 f(z) — DSGnn.n[f](2) = 27?1 ]{ %Da (w) dwy ... dwy,

Ry,

where K, is the kernel function defined in (2.4) and R;, j = 1, ..., n, is the positively oriented
rectangle defined above.

Proof. Since f € E?(p), the identity (2.6) is valid. Taking the partial derivatives of order
« on both sides of (2.6) and observing that differentiation under the integral sign is allowed,
we get (3.2). O

For all f € EZ(y), we define the following function S, of several variables wy, [ € M,,:

(3.3)

w) 1. 837 exp(—P(z; Nh?)
Sm([wl}leMm) = %H Rf( )HJGNm f[{(wj)(_ Z(),YJ+1 / } H dwj,

: Ny,
i€Nm JENm Jje

such that z; lies inside the rectangle R; and J; € Ny, j € INp,,. Here 827 f denotes the partial
derivatives of order ¢; with respectto z;, j = 1,...,n.

The double factorial of a number n, denoted by n!!, is the product of all the integers from
1 up to n that have the same parity (odd or even) as n. That is,

[31-1
nlt=T] (n—2k),

k=0

where [z] denotes the least integer greater than or equal to x. The following lemma is devoted
to estimates of the integral on the right-hand side of (3.3), and it will be used in the proof of
the main results of this section.
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LEMMA 3.2. Assume that { € E?(p). Let vn,, = (71,...,7n) be given such that
v =0ifj ¢ Ny, v; €Ng, forallj=1,...,n,and d; € Ny, j € Ny,,. Then, we have
(3.4)

S ([wiliens,, )]

Sz, 05+ =vi o|Sw
IT e (G} Py, | I el
m ENm €My,
<(2m)"en() Y, -

hvi (7, — ’
e S L ol =)t

where Sy, and n are defined by (3.3) and (2.12), respectively. The constant H.,, is the Hermite
number

0, if nis odd,

(3.5) Mo = {(—1)n2” (n =11, ifniseven,

where n!! is the double factorial of n. The sum in (3.4) is taken over all multiindices
UN,, < an,,, Le, v; < oy, forall j € Np,. Here vy, = (v1,.. ., Vp) such that v; = 0if
Jj¢ Npandvj € Ny, forallj=1,...,n

Proof. Applying CauchyaAZs integral formula, cf., e.g., [17, p. 18], for the right-hand
side of (3.3), we obtain

Sm(lwilienm,,)

(3.6) :@L)nl" DY | f(w) H 0% {exp(—pB(z; —w;)*/Nh?)} ,
HjeNm 5 JENm

wi=z5,
JENmM

where Dy} is defined as above. The multivariate version of the Leibniz rule is given by, cf.,
e.g., [8, p. 13],

n
H Oéj!

j=1 v a—v
(3.7) Dy (f(w)gw)) = | m—————Df(w)D5"g(w),
v<a H I/j!(Oéj Vj)'
j=1
where f, g are analytic functions of several variables, w := (w1, ..., wy,), @ := (a1,..., ),
and v := (v, ...,Vv,). The sum in (3.7) is taken over all multiindices v := (v4, ...,V ), and

here v < o means that v; < «; (j = 1,...,n). Applying formula (3.7) for the right-hand
side of (3.6), we obtain

SN, (wilien,,)

N 1
=em" 3 [T vil(y —v)!

< .
(3.8) YNm SVNm LEN,,

B(zi—w:)2
VN 8y —Vs LA R DA
X mf I | 6217:11)7] J { Nh ,
JENm wi=zj,
JENm

where vy, is defined above and 822,’35] f are the higher-order partial and mixed derivatives,

ie., 6;3]7]” := 0210y, f. From [7], we have

e [ e VB \"T <\/B(< 9)
. 172 TNRZ S = (=1)rFT2 H. .. e NrZ |
(3.9 8(,5 {6 } ( ) (\/Nh) 1+72 fh
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where (,£ € C, 11, 72 are integer numbers and H,, is the nth degree Hermite polynomial
defined by H, (z) := (—1)"¢*" 4= e~*". Using (3.9), we have

"

T1+72
—B(— 5)2 \/B
(3.10) {a{ G }} _ (pynt () T
o = = .

where the last step results from the monomial representation of the nth degree Hermite polyno-
mial and H ., 4, is the Hermite number given in (3.5). The derivatives {D"Vm f(w)} w;==;,
JENm

can be represented using CauchyAAZs integral formula [17, p. 18] as follows:

II v!

VN, _ jE€Nm f
(3.11) {Dw f(w)}wjzj,jeNm - (27‘(1)7” % H ( —z; V]+1 H dU/J7
er(zjvh) jeNWl JENTH

where Q,,,(z;,h) == {2; € C : |w; — z;| = h,j € Ny} is the m-dimensional sphere.
Since f € E?(yp), inequality (2.1) holds. Applying Cauchy estimates to (3.11) and using
inequality (2.1), we obtain

v H V! o(|Sz, o|Sw
312y DS f@)l}, _. en S%‘P(W))H e?S2 ) T eolSenl,

JEN, JENm 1EMm
where 7)(2) is defined in (2.12). Combining (3.12) and (3.10) with (3.8) implies (3.4). 0

LEMMA 3.3. Let o := (a1, ..., ), pb:= (H1,- .., phn), and v == (vy,...,vy) in Nj.
The partial derivatives of the kernel I, can be written as

DK, (w)
" oot —1 T 5
T\ sin(rh™ z; + ~52)
D SURTED D i Sl E § 1 (G e
(3.13) m=1 N eP(I) p<a ptv<a ien, S sin(rh~1w;)

ar—pr—vr+1

)

where the symbol D¢ is defined above, the kernel KC., is given in (2.4), and the constants
Co,p,v are defined as

n

a;!
(3.14) Copwi= 1
o, Qv ]1;[1 /ij!Uj!
The sum Zuﬁa is taken over all multiindices 1 < o, i.e., puj < oy, forallj =1,...,n.

Proof. Taking the partial derivative of order o on both sides of (2.4) and using (2.10), we
obtain

@ - m @ Sin(’]‘(‘h_]‘Z') - e_ﬁ(zT_wT)z/Nh2
G15) DIK-(w) = 30 (=1 37 DZ[ I Gy 1

m=1 N,,eP(I) JENm T=1

(wr — z7)
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Applying the multivariate version of the Leibniz rule (3.7) for the right-hand side of (3.15)

h sin(mh~'z;) d L T —B(zr—wr)?/NR2 btai
wit] f( ) HjeNm Sin(rh—Tw;) an g(z) = Hl T (wr—zr) we obtain
=

DIE, (w)

:mi_l(— ymtt Z Z l( ) H (%)#j sini;rnh(ﬁzzjl_;j;gj)

NpneP(I) p<a JENm

(3.16)

o ki e ﬂ(szw.,) /Nh2
D [ H (wr —27) :|

Applying the multivariate version of the Leibniz rule (3.7) again with

n

):f[e_ﬁ(z*_“”)z/]\m2 and g(z H

T=1 T= 1

we get (3.13). O
In the following theorem, we extend the bound for the error | f(z) — Gy, 5, N[f](2)| given
in Theorem 2.3 to a bound for the error | D¢ f(z) — D2G, n,n[f](2)|, where f € E7(¢).
THEOREM 3.4. Let f € E(p) and o := (a1, ..,ap) € Nj. Then, we have for all
z € C"with |Sz;| <N, j=1,...,n, that

(317 D2 f(2) = DZGnn N [f1(2)] < 20 (n(2)) Ba.n.a(S2)

where 1)(2) is defined in (2.12) and By, n o is given by

Bh,N,a(gz)
n n —BN m—1
_ H oh=|S 2 | Z Z c Z (26 >
= € a, v
(318) T=1 plapt+v<a m=1 \/m
oh T\ Hi M}MN(U]')QN(%)

X Z H e’ L n(vi,v1) H (E) Nos—t;—0; .
N,,eP(I)leMy, JENm

Here 0N, Cy, 0 are defined in (2.14), (3.14), respectively, and

() o
h(a—v)!

(3.19) Ly n(v,7) = Z

VM SYMp,

:O(N_“/2) as N — oo,
where Yy, = apr, — par,, — U, such that vy, = 0if 1 ¢ M, and
v [v/2] 2
ﬂ v.(G\f)“ " _ —1\v -1

The constant H. is defined in (3.5).
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Proof. Since f € E(¢), equality (3.2) holds. Using (3.13), the integral in (3.2) can be
represented in the form

D2 f(2) = DZGnn.n[f1(2)

n

2731)71 IBICH D DD

m=1 p<la p+v<a

Cuva T G) 50 (4 5)

JENm
)
* j{ a »7{ 11 sin(ﬂ'h_le) (wy — zp)0r—Hr—vrtl

Ry, Ry

(3.21)

dwi ... dw"] .

s

JENm T=1
Using (3.3), replacing the sets NV,, by M,,,, we obtain

(3.22)
DZf(2) = DZGnnn[f1(2)

n

e NCDD IEDUIDS

o TG (50 58)

m=1 N, €P(I) p<la pt+v<a JEN,
Smlwilien,) TT 9% {exp (F5m=) )
><7{ TENm H dw 1
; —1 _ =l —Ur+1 1
]._.[TEN'HL Ry 7—61;[\/ Sln(ﬁh wT)(U}T ZT)a e TEN,

where the function Sy, , is defined by (3.3) and the constants C,, ,, ,, are given in (3.14). Since

f € E”(p), the estimate in (2.18) holds for all points in the multivariate rectangle [[ R;. In
T=1

the following step, we use the standard estimate
(3.23) |sin(rh™12)| < emh 1S z€C,

and Asharabi-Prestin’s estimate, cf. [7, Egs. (3.8)-(3.9)],

< ( VB )
~ \VNh
for all w, € R,. Applying the triangle inequality for (3.22) and using the estimates (2.18),
(3.4), (3.23), and (3.24), we obtain

i
2

(T wr)?
2

(6\/B)UT—277L N”T"—m

m!(v, —2m)!

—B(zr—wr)?
e Nh?2

(3.24) |97e

m=0

|DZ f(2) - D?gn,h,N[f](Z)l

Z Z Z Otu,v H o (ISzi]+h)

m=1 N eP(I) p<la ptv<a leM,,
Hj 1y, .
(3.25) x L (om) ] (E) ™ 187 My, N (v;)
JENm

exp (U\%wﬂ - 75(Z;th:,) )
X ]{ . — | ldwy] |,
sin(mh=1w;)(w; — z;) —H#i—vitl
i
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where the functions L;, y and M}, n are defined in (3.19) and (3.20), respectively. The integral
in (3.25) can be estimated according to Asharabi and Prestin in [7, p. 1429] as follows:

—w.)?
6 P (J|%w7| — %> d On(h'S e N
32 A < Ay (BTS2 —
(320 7{ S (h =Ty ) (wy — )it | 10rl < AmON (S

-

where £, € Ny. The rest of the proof can be established by combining (3.26) and (3.25). 0
As we have done in Section 2, we introduce two useful special cases of Theorem 3.4. The
proofs will be omitted because they are similar to those of Corollary 2.5 and Corollary 2.6,
respectively.
COROLLARY 3.5. Let f € By°(R™) and a € Ni} be given. Then we have for all z € C"
with |Sz.| < N, =1,...,n, that

(327 D2 f(2) = DZGnn N [f1(2)] < 2| fllccBr,v.a(32)

where the function By, n o is given in (3.18) and the norm || f|| oo is given in (1.1).

COROLLARY 3.6. Let f be an entire function satisfying the exponential growth condi-
tion (2.27). Then we have for all z € C™ with |Sz,;| < N,7 =1,...,n, that

308 Do Do - 3 Iz)) 5 e (BN
( ° ) ‘ Zf(Z)i zgn,hJV[f}(Z)‘ = e h h7N7a(Jz)Wa

where h € (0,7/(0 + 2k)) and o, k are non-negative numbers that satisfy o + k > 0. The
Sunction By, n o is given in (3.18).

The last result in this section is devoted to estimating the error | DS f(=z ) D 2Gn.n,N[f](2)]
when the function f belongs to the space A(¢) (with h := & and 3 :=

THEOREM 3.7. Let f € Aj(p). Then, for z € Sy, we have
D2 f(2) = D2G, 4.x /1)

<2\f<p Z Z Coap,v Z ( \[) Z H L%,N(Ula'}/l)

(3.29) pla ptvla Nm€P(I)eMm

)MJe Md N(UJ) Sz —"N(l 2\sz |)
9 J
L e ()

S

where the functions 1, L 4N Md > and Y are defined in (2.12), (3.19), (3.20), and (2.31),
respectively. The constants Co,p,v are given in (3.14).

Proof. As in the proof of Theorem 2.7, let R ; be the positive oriented rectangle with
vertices at £h(N + §) + hNj-1,, +id and +h(N + 3) + hNp-1, — ih(d — Sz;), where
N., = [Rz; + 1] and h = d/N. Since f € A%(yp), it is easy to see that Lemma 3.1 is also

valid for the special operator G, 4 With the multivariate rectangle [T R;. Combining (3.2),
j=1
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(3.3),and (3.13) with h := <. 3:= T R. := R, we obtain

N 2
(3.30)
D2 f(z) ~ D2, 4 xI1(2)
L Y T\ Hi | T2 Tk
\n (_ m+1 U — sin 7]4_73
. mz::l N;I)l;’é#-&;a o jel;[m(h) ( ho 2 )
Sm(lwilien..) I1 02 foxp (252) ) d
8 7{ [T sin(rh—tw,)(w, — z, ) —Hr—vr+l H wr |,
reljlvaT TENm TEN,,

where the function Sy, is defined in (3.3) and the constants C, ,, ., are given in (3.14).
Applying the triangle inequality to (3.30) and using the estimates (3.23), (3.24), and (3.4), this
implies

D2f(2) = D2G, 4. [f](z)\

DY

2. > X

a,p,v
mzl NmeP(I)uéa;H-vSa
Hj S
(3.31) TN TNISE|
< TT oo TT(20) e 0 o)
IEM, GENm
—Nm(z;—w;)?
e 242
X\% . ‘ITij P P .+1 |dw]| ?
sin(=—= ) (w; — z;)® ~Hi TV

where the functions n, L 4N and M 4y are defined in (2.12), (3.19), and (3.20), respectively.
The integral in (3.25) can 1 be estimated according to Asharabi and Prestin in [7, p. 1432] as

—Nw(zr—wg)?

j{ e 2d |d |
w
sin(’”ﬁ%)(u@ — 2y )b+l T

(3.32) R,
< 439 (%) exp (~(xN/2)(1 — (21%1/d))
d Nt+/N
where /. € Ny and the function 9y is given in (2.31). The proof of (3.29) is completed by
combining (3.32) and (3.31). 0
In the following result, we state a special case of Theorem 3.7 on the real domain.
COROLLARY 3.8. Let f € A (). Then, for x € R™ we have

efﬂN/Q

333 |DEf) = DiG, 4o [11@)] S 2V2 0 () Baa — s

where 1) is defined by (2.12). The constant Bg n . is defined as

%d,N,a = Z Z [CQ,M,U En: (2\/§)m—1 (ﬁ\/]?)mlﬂ%(o)

< +ou< m=1
(3.34) pEapTrse N
77r) JMd N(Uj)‘|

X Z H La n(vi,m) H (dﬁNaj_,Z.;vj

NmeP(I)leMm, JENm
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where O is given by (2.31).

4. Numerical illustrations. In this section, we introduce three illustrative examples. The
function in the first example is chosen from the space BS°(R) and in the second example from
the space EZ(y), while in the last example f € A3(yp). We summarize the approximations
results in tables and illustrate the absolute and relative errors by figures. Denote by 777", \ the
absolute error, i.e.,

Ty nf](2) == D f(x) — Dy Gnn,n(f](z), 2€R" aeNg,
and by iﬁ’ hN the relative error, i.e.,

N [f1(@) = (D3 f(2) = DiGnn N [fl(2)) /DS f(z), = €R" aecNg.

This notation will be used in the following examples.

EXAMPLE 4.1. The function f(z) = sinc(v/'1 + 22), z € C, belongs to the Bernstein
space B{°(R). We apply Corollary 3.5 withn = 1, N = 15, h = 1/2, and @ = 0, 1. The
function ¢ is chosen to be the constant function ¢ := || f||oc = 1, and the bound in (3.17) will
be uniform on the real domain. Let B}, o be the uniform bound on R, i.e.,

_BN

o' €
Bh;N = 2||fHOOBh,N,a(0)ﬁ7

where oo € Ny and By, v, are defined in (3.18). Table 4.1 and Figures 4.1 and 4.2 summarize
the approximations of the function f and its first derivative on the interval I = [0, 10].

TABLE 4.1
Approximation of function f and its first derivative.

Absolute error for DG, 5, y withn =1, N =15and h = 1/2

a=0 a=1

max| T3, 15[f](2) BY s max| T3 15[f](@) B3

3.52155x 1011 7.90497x 1010 2.2692x10~10 1.75486x108

EXAMPLE 4.2. Consider the function f(z) = cosh(z1 + 22), 2 € C?, which belongs to
the space F3 () and satisfying the exponential growth condition (2.27) on R? with M = 1,
k =1,0 = 0, and p(z) = e* %2, Therefore, we can apply Corollary 3.6 with n = 2,
N =15, and h = 1/3 for some values of «. In this example, we use the relative errors instead
of the absolute errors because f has an exponential growth and the samples are exponentially
increasing with respect to the real axes z; and Rz,. Denote by R}  the relative bound
associated with the real-valued bound in (3.28), i.e.,

efN(ﬁfmh)

Nzl

where o € N2, 2z = (z1,22) € R2, kisa non-negative number, and Bj, v, is given in (3.18).
In Table 4.2, we present the approximations of the function f and its mixed derivative on the
domain J = (0, 3] with the relative errors. The graphs of the relative errors are given in
Figure 4.3 for o = (0, 0) and Figure 4.4 for o = (1, 1). Note that T% , ., does not have any
poles in the region (0, c0) x (0, 00) because DS f(x) is either sinh(z1 + x2) when a1 + a
is odd or cosh(z1 + z2) when ay + «a is even. Note that f(z) = Dgo’o)f(z).

hon(T) = 2er(htlerltleal, o (0) Dy f(x),


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

MULTIDIMENSIONAL SINC-GAUSS SAMPLING FORMULAS 259

3.x1071 |
2.x10°1 |

1.x107"

-1.x10"" |
-2.x10"1 |

-3.x10"1 |

0
FIG. 4.1. T1,%,15[f](33)'
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FIG. 4.2. TI,%,15[f](x)'

TABLE 4.2
Approximation of function f and its mixed partial derivative.
Relative error for DG, ,, ;v withn =2, N = 15and h = 0.3

rwnea;dfé“,o.g,ls[f](w)} {Enea}ng.s,w(m){ Igglea}(wg,o.s,ls[f](m){ 53116?{%(}1%8‘.3,15(15”

4.42269x 10711 1.09931x1078 4.82781x10710 8.55546x 1077

EXAMPLE 4.3. In this example, we approximate the function

sin(z1 + 23 + 23)

: € C?,
EEDICEDICED

f(z) =

which belongs to the space A3(p). Here, we can apply Corollary 3.8 withn = 3, d = 3,
N = 15, and p(x) = 1/9° for some values of o € Nj. Let Ry, v be the relative bound


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

260 R. M. ASHARABI AND F. H. AL-HADDAD

h=0.3,N=15

4.x10°1"
2.x10°1"

-2.x10"
-4.x10M

FIG. 4.3. 1(2%9%715”} ().

associated with the real-valued bound in (3.33), i.e.,

ef7rN/2
R (7)) = 2v2 ¢ (1(2)) Ba,N.a W/Dﬁf@?)’ z €R® o € NG,
where B4 o is defined in (3.34). In Table 4.3, we summarize the approximations of the
function f and its mixed derivative on the domain J = (0, 2]. Note that f(z) = D00 ¢ (2).

TABLE 4.3
Approximation of function f and its mixed partial derivative.

Relative error for D*G,, 4 y withn =3, N =15andd =3
a=(0,0,0) a=(1,1,1)

ma 55 4 1510 | mas 935,150 | | a5 ) 15141600 | mas |93 15|

2.9525%x10~8 9.92971x10~7 1.44569x 106 1.27192x10~*

5. Conclusion. In this paper, we extend the two-dimensional sinc-Gauss sampling for-
mula, which is introduced in [6, 7], to the general multidimensional case. We use the
multidimensional sinc-Gauss sampling formula to approximate multivariate analytic functions
belonging to some wide classes of functions and their partial derivatives of any order using
only finitely many samples of the function itself. This formula is valid for the class of entire
functions of several complex variables satisfying a decay condition. It includes unbounded
functions on R™ and a class of multivariate functions analytic in a multidimensional horizontal
strip. The theoretical error analysis is established via a complex analytic approach, and the
convergence rate is of exponential order. Furthermore, this paper extends the work of Lin
and Zhang in [10] to the complex domains. We can use the multivariate kernel function (2.4)
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h=0.3,N=15

4.x1071°
2.x1071°

-2.x10710
-4.x10710

FIG. 4.4. T5'31) | [£1(2).

to extend the two-dimensional Hermite-Gauss sampling formula, introduced in [3, 6], to the
general multidimensional case. We recommend this for future studies.
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