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THE LEVENBERG-MARQUARDT REGULARIZATION FOR THE BACKWARD
HEAT EQUATION WITH FRACTIONAL DERIVATIVE*
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Abstract. The backward heat problem with time-fractional derivative in Caputo’s sense is studied. The inverse
problem is severely ill-posed in the case when the fractional order is close to unity. A Levenberg—Marquardt method
with a new a posteriori stopping rule is investigated. We show that optimal order can be obtained for the proposed
method under a Holder-type source condition. Numerical examples for one and two dimensions are provided.
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1. Introduction. Differential equations of fractional order have been investigated during
the last few decades not only by mathematicians and physicists but also by, for example,
biologists and chemists, since such equations are very useful in modeling specific properties.
Mathematical models of many real-world phenomena based on the definition of fractional-
order derivatives are more appropriate than those depending on integer order. We are interested
here in the backward heat equation with fractional derivative.

A backward heat problem consists in determining the initial temperature distribution
z(s), 0 < s < . The temperature u(s, 7) of a uniform bar of length 7 that is insulated on its
lateral surface satisfies the partial differential equation

Ur = Ugs, 0< 8T

The temperature distribution at the ends of the bar is fixed at 0 and at time 7 = 1 is given by
u(s, 1) = y(s). It is well known that solving the heat equation backward in time is an inverse
ill-posed problem [3].

After the fractional calculus was analyzed in science and engineering, the time derivative
or space derivative in Caputo’s sense was investigated by many researchers [8, 10, 15, 16].
Liu and Yamamoto [10] considered a backward problem in time for a time-fractional partial
differential equation in the one-dimensional (1D) case. The property of the initial status of the
medium was recovered by using a regularizing scheme based on eigenfunction expansions.
Numerical experiments show that the fractional-derivative model equation reconstructs the
initial data better than the classical backward heat problem. The methods suggested in
[11, 16, 17] deal with the two-dimensional (2D) case. In [16] Tikhonov regularization is
suggested to solve the backward problem for the time-fractional diffusion equation. An
inverse source problem using boundary Cauchy data is investigated in [17] using Tikhonov
regularization too; however, a conjugate gradient method is proposed to find an approximation
to the minimizer of the Tikhonov functional. In [11] a modified kernel method is presented for
the sideways heat equation with time-fractional order.
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The heat equation with the time derivative in Caputo’s sense is written as

dPu

(1.1) 57

= Uss,

where 8 € (0, 1) is a fractional order of the derivative and

OPu 1 T _5
W = I_‘(1_6)\/0 (’7— — t) Ut(s,t) dt,

where I'(-) is the standard I'-function. Nearby, if 5 = 1, then the problem (1.1) is the classical
heat equation. Choosing the orthogonal basis {sin(ns)}22 ;, the Fredholm integral equation
for the backward heat equation [15] is

(1.2) /OTr E(s,t)x(t) dt = y(s),

where k(s,t) = (2/m)> 02, e~n’/B sin(nt) sin(ns). It is noted that the weight e~""/B in
the kernel function causes the instability of the problem. High-frequency components in x are
severely damped by the very small factor e~""/B. Therefore, one needs a regularization to
recover a stable solution.

In the present work, the problem (1.2) is written as

(1.3) Az® =P,
where the noisy data 5° satisfy
(1.4) ly = 4”1 <6,

and A € L(X,Y) is a linear operator between Hilbert spaces X and Y.
The Levenberg—Marquardt method is a well-known iterative regularization scheme. In
the linear setting, it is given by [14]

2 = ad — (g + A*A)TTAT (Azd — ),

where a, € R, has to be chosen appropriately. Recently Hanke [4] and Jin [7] have
proved the order optimality of the regularizing Levenberg—Marquardt scheme for nonlinear
ill-posed problems under a Holder-type source condition and when the stopping index is
chosen according to the discrepancy principle, which is given by

Iy — A || <25 < Ily® — Azl 0<k <k,

where A is an appropriately chosen positive number. In [13] the Levenberg—Marquardt method
is known as the implicit Euler method. For a linear operator, Rieder [14] proved that Runge—
Kautta integrators applied to asymptotic regularization and stopped by the discrepancy principle
are regularization schemes, where the Holder-type source set

X, = {(A"A)z 2z € N(A*, |2l < p}

is used. It is known that the implicit Euler method is A-stable, i.e., the step size can be
large. Therefore, the Levenberg—Marquardt method is attractive for solving inverse ill-posed
problems. Recently in Zhao et al. [19], a wide class of spectral regularization methods under
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variational source conditions was investigated. It is shown that appropriate general assump-
tions yield convergence rates under variational source conditions. Furthermore, asymptotic
regularization and Runge—Kutta integrators satisfy those assumptions.

For the implicit Euler method or the nonstationary iterated Tikhonov—Phillips regular-
ization [5], a geometrically growing sequence of step sizes is used, which cause an over-
satisfaction in the case of noisy data. However, the quotient ¢ between the residual norm and
Ad is used to control this difficulty. The reconstructed solution is accepted if ¢ ~ 1 [2, 14].
Note that, for the iterative method, the step size is not a regularization parameter. Here it is the
number of iteration steps. In many regularization methods, the discrepancy principle is used
as a parameter choice rule. However, the discrepancy principle may terminate the iteration too
early [1, 2]. Thus, in Jin [6], the modified discrepancy principle accompanied by Tikhonov
regularization for the nonlinear ill-posed problem has been proposed.

It is worth mentioning that the calculus of fractional derivatives may also help to develop
new accelerated regularization methods for ill-posed problems. Recently, Zhang and Hofmann
[18] investigated the fractional asymptotic regularization for linear problems in a Hilbert space
setting using the left-side Caputo fractional derivative under Holder-type and logarithmic
source conditions. It is shown that fractional asymptotic regularization with a fractional order
B € (0,2) exhibits an optimal regularization method, and, moreover, for 8 € (1, 2), it yields
an accelerated method.

Let the singular system of A : X — Y be given by {0, : v;,u;}, j € N, where
01 > o9 > --- > 0 1is the ordered sequence of singular values of A. The singular functions
are orthonormal and satisfy the following properties:

Avj = 0;Uj and A*Uj = 0;Vj, j €N,

where A* : Y — X is the adjoint operator of A. In this work, the regularized solution by
the Levenberg—Marquardt method for the linear ill-posed problem (1.3) is written in a filter
representation:

oo

k
(1.5) 2 = Ry’ = Z L (1 - H(l + wiaz)_1> (Y, ) U,

a,
n=1 " i=1

where w; is the step size; see [9, 14]. In this work, for simplicity, we set w; = wpi2, with
¢ € N, although more general choices are possible for the convergence results. An a priori
choice of w; in [7]is w; = 1/c;; = r~*/ag, g > 0,0 < r < 1, which is a strongly increasing
function.

The aim of this work is to propose an a posteriori parameter choice rule based on
the discrepancy principle for the Levenberg—Marquardt method and to retrieve the initial
temperature of the backward heat equation with the fractional derivative in time. Our parameter
choice rule is different from the one that is proposed in [6]. The convergence rate analysis
of the Levenberg—Marquardt method under the Holder-type source condition is presented in
Section 2. Applications of the Levenberg—Marquardt method to the backward heat equation in
1D and 2D are presented in Section 3 and Section 4, respectively.

2. Convergence rate analysis. In this section, we will prove the convergence rate of
the Levenberg—Marquardt method (1.5) under Holder source conditions. We propose the
a posteriori parameter choice rule based on the discrepancy principle as presented in the
following equation:

@1 (I +wr AA™) 1y — Axg)| = A6,

where A > 1 is a constant.
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THEOREM 2.1. Let 7 = (A*A)’2, z € N(A)*, 0 < v < 1/2 be the solution of
Az = ywith ||z|| < E and ||y°|| < 76, 7 > 0. Using the a posteriori stopping rule (2.1), a
constant ¢ > 0 exists such that the method is of order optimal with

”zi _ 1,+|| < 6E1/(2u+1) 62u/(2u+1).

Proof. By the triangle inequality, we have
2.2) 23, = & ¥ || < Jlon — 27| + |2g — @)

Using (1.5) with 6 = 0 and the Holder inequality with p = (2v + 1)/(2v) and ¢ = 2v + 1,
we obtain

ks — 27

[e's) 1 k 9] 1
2%(1 - H(l +’U)i0'2) ) yvun n Z 07 yaun
n—

=1 n=1

2

0o 1 k 2 ) 1 k 2
- 1 i0 n/)Un = 5 1 7 2t n 2
= |2 o ety | =3 (TT0+ ot ™) )
) k 4v/(2v+1) 1 k 2/(2v+1)
= Z( 1+ wo?) y,un>) = (H(l - wia,%>1<y7un>)
n=1 Ni=1 n Ni=1
0 r k (4v/(2v+1))(2v+1)/(2v)\ 2v/(2v+1)
< (Z [H 4 o) ()| )
n=1 %=1

& v v 1/(2v+1
20 T, (1 + wio2) =y, u, )] &/ v @v1) T/ CrFD)
(02)2+1

X
7N

<i {ﬁ R 1] 2<y’ un>2>2u/(2u+1)

n=1"%=1

(Zoo [Hl 1(1+w2 ) 1]2<y,un>2)1/(2u+1).

41/+2
On

X

(2.3)

Using 1 = (A*A)”z, we have

(y,un)? = (Axt u,)? = (A(A*A) 2,u,)? = (A A)" 2, A*up)? = (A*A) 2z, 0,0,)2

2
072L<(A*A)Vza UTL>2 = 072L (Z G?V<Z’Uj><vj’vn>> = U4V+2<zvvn>2'

=1

(2.4)

The second term of (2.3) becomes

k

i([{l(l n wiag)1>2<z, )2
>

Z i=1 1+wz ) 1]2<y7un>2
n=1

4u+2
On

(2.5) < (z,v,)% < E?.

=

n=
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Using (1.4) and the orthonormality of w,,, the first term of (2.3) becomes

oo r k 2 1/2
(Z H(1+wi072l>_1] <yaun>2)
n=1Li=1
oo k
= ZH +wz yvun>un
n=11:=1
oo k
<122 T +wiot) ™y = o unyun ZHsz
n=11:=1 n=11¢=1
S Z<y_y6>un>un +A
n=1
2.6) =l|y—y°||+A<5+A,
with
ZH 1+ w;o?) y Up ) Unp |-
n=11i=1
Using (1.5) we get
[ 1 k
Azl = Z — (1 — H(l + w;o2) )(y Up,) Avy,
n=1 " i=1

Then,

=1 -1

- i;(l - E(l b)) ) )

-y — (1 - ﬁ(l + wio?) ><y ;)5 1, )
j=1 "7 i=1

2.7 = (1 - H(l + wiai)_1> (Y, un).

By (2.7) we have!

(wp AA* + 1)~ (A — o)

1
= E <A£L’?€ yéaun>un
2
= wroy + 1

> 1 > 1
= 714965771 Up — 7y5,u U
;wk0%+1< k n> n lek0%+1< n> n

"From spectral theory, we have f(AA*)y = .52, f(02)(y,u;)u;, so we obtain (I + wiAA*) 1y =

21 (1/ (1 + wpod)) (y, uius.

y Up ) Un,
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Y (L0 w6 =S —

— wk02+1 P} 1¥n ) n n — U)kO',r%‘f'l b n n
) 1 k

_ S oN-1.8

— 7;@}1(1 + wioy) Ty, Un ) Un.
Consequently

oo 1 k
* —1 ) ) _ 2\—1/, 06

@9 s+ 07 el =l = |32 s TI + wd) v

Using (2.1), (2.8), and ||°| < 79, we get

oo k
Z H(l + wiai)_l@‘s, Up) Un,

n=11i=1

k

S 1 2\—1/,0
< 3w L0 b

k
wyo,, 2\y—1,,68
Hz mr-aay | (R

=1

(2.9) < (wrAA* + D)7 Az — )| + [ D0 un)un | < A8 + 74,
n=1
Substituting (2.9) into (2.6) yields
o r k 2 1/2 ~
<Z {H(l + wmﬁ)l} (v, un>2) <6+ A4
n=1"%=1
(2.10) <O+ AN +76=(1+A+7)d

Now we substitute (2.10) and (2.5) into (2.3) and we get
e = 22 < {10+ A+ )a]2 P2/ o) ()Y 2
(211) — (1 + )\ + ,7_)4V/(2V+1)541//(2V+1)E2/(2V+1).
Using the fact that

k

=T+ w2y <1

=1

and [5, equation (15), page 45]> we have

k k 2\—1
1-11..,(14w;o;
‘1_H(1+U/i0'721)_1 | H1,1(02 )7
i=1
1— 1+ wio? 1
(2.12) < 1= Tl 5 <clzw]

On

2From [5], for some positive a;, let om = 2y ag, ra(X) =TTy @i/(A + a;), and gn(X) =
(1 = 7n(X\))/A. Then we have max¢o,00) qn(A) = on.
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for some ¢; > 0. Using (1.4), (1.5), and (2.12) for the second term of (2.2), we have

— 1
Jof = aull = | 32 o (1= TT0+ wi02) ™ )" = o)
n=1 i=1
00 1 k 2 1/2
= (X - Hovwed | 0 —vw?)
—1% i=1
Hf_1(1+wi02)1]2>1/2< 00 5 2)1/2
sup —Y,Un
<O<a7,<|A| o; ;@ B n)
R 1/2
@.13) c(z w) s
j=1
Let

[e'e} 1 k
B HZ ooz 1 10+ wiod) ™ v
n=1kn i=1

By [5, Lemma 2.2, page 41] we have

(v+1/2)
(2.14) 2<”+1/2>H 1+ we?)™t <02(ij) , 0<v<1/2,

i=1 j=1

for some ¢y > 0. By (2.4) and (2.14), we can show that

0o k 2
1
J22H21+w — 1_[(1—1—111Z )" (Y, un)u
n=1 k9n i1
0o 1 k 2
= 1+ w;oy,) )(yun>2
5z (TT0 -+ wod) ) o
o (L weoy)® Gy
I
= (14 w;o;) ) (z,0n)
2)2 n
o (L weo)? \ g
o, ‘ 2\—1 ke 2
<  sup {”( (14 wio)~ ) } (z,vn)
o<on<fal (1 +wio?)? };[1 nz::l
k 2
(U%)VH/Q 2\—1 2
< sup <2 H(l—kwian) IE4|
o<on<llaf \ 1 +wrog =%
k —2(v+1/2)
(2.15) < (Z wj) E?.

Jj=1


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

74 P. PORNSAWAD, C. BOCKMANN, AND W. PANITSUPAKAMON

From (2.1), (2.8), and (2.15), we get

0o k
. - 1 -
0 = (A4 + 17k ) = |3 o T i) |
n=1 n i=1
[e%S) 1 k
< - 1 i 2\—1/. 6 _ n "
<[ s LT )0
[e%S) 1 k
+ —_— 1+wi0721 Yy, un)uy,
H; e 0| CRR s
>0 k —(v+1/2)
n=1 j=1
We thus obtain
e (JTBY
j -~ .
= A=1)
From (2.13) we get
(2.16)
Lk 1/2 R T E \/ (D)
2, — x| < C(Z wj> 5 < c<(A _11)5> § < CpY/Evi g2/ (vl
j=1
Using (2.11) and (2.16), we find

23, = 2| < llaf, — zxll + [l — )|
< CEI/(2V+1)52V/(2V+1) + (1 + A+ 7_)21//(2V+1)521//(21/Jr1)Evl/(21/+1)

< EEl/(2V+1)(52V/(2V+1). 0

3. Regularized solution of backward heat equation in 1D. We consider the following
backward heat equation with the fractional derivative in time:

8Pu

58 = Ugg, (s,7) € (0,7) x (0,1],
G.h w(0,7) = u(m,7) =0, 7€][0,1],
u(s, 1) = y(s).

A solution of the problem (3.1) [15] is
u(s,7) = Z ane™ =7/B gin(ns).
n=1
If the distribution temperature at 7 = 0 is z(s), then

z(s) = Z ane™ /P sin(ns).
n=1
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TABLE 3.1
Comparison of the a posteriori stopping rule and the discrepancy principle with respect to the absolute Euclidean
error and the number of iterations ks for \ = 1.5, § = 1072, and wy, = 5k? with different f3.

A posteriori stopping rule (2.1) Discrepancy principle
B Error ks Error ks
1 0.88272 4 0.88187 5
0.8 0.88194 5 0.88188 6
0.6 0.88217 6 0.88187 7
0.4 0.88469 9 0.88196 10
0.2 0.93812 39 0.91228 40
TABLE 3.2

Comparison of the a posteriori stopping rule and the discrepancy principle with respect to the absolute Euclidean
error and the number of iterations ks for X\ = 1.5, § = 1073, and wy, = 5k? with different J5.

A posteriori stopping rule (2.1) Discrepancy principle
15} Error ks Error ks
1 0.88187 5 0.88188 6
0.8 0.88194 5 0.88188 6
0.6 0.88187 7 0.88187 7
0.4 0.88196 10 0.88187 11
0.2 0.88570 43 0.88363 44

Hence,

2 ™
ay = —67"2”/ x(s) sin(ns) ds.
™ 0

Using the boundary condition, we obtain

32) y(s) = /0 " (s, ) (t) dt,

where the kernel function is given by
2 o= _p2
k(s,t) == e /Psin(nt)si :
(s,1) - ; e sin(nt) sin(ns)

Define {s;};=1,2,... nt+1 to be a set of grid points for the interval [0, 7] and {t;};=1,2,. .. nt+1
for [0, 1]. Let

z(t) =Y et (1),
j=1

where <p§m) = 1fort € [tj,tj+1], and gp§m) = 0fort ¢ [tj,tj41]. Let y; = y(si),
t = 1,2,...,m + 1. Then, the Fredholm integral equation (3.2) is transformed into the
following vector form:

Kf=g,

where K is the (m + 1) x m matrix, f = [c1,¢2,...,cm| Y and g = [y1, Y2, - -+, Ymi1] "
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FIG. 3.1. Reconstruction result for the experiments as in Table 3.1 with (a) 8 = 1 and (b) 3 = 0.6 compared
with the exact solution (dashed curve) where the stopping rule (2.1) is used.

(b)

FIG. 3.2. Reconstruction result for the experiments as in Table 3.2 with (a) 8 = 1 and (b) 3 = 0.4 compared
with the exact solution (dashed curve) where the stopping rule (2.1) is used.

In the following results, we compare two stopping rules, our a posteriori parameter
choice rule (2.1) and the discrepancy principle, for two different noise levels (§ = 1072 and
d = 1073), as shown in Table 3.1 and Table 3.2, respectively. We use zero as the initial guess.
The exact solution is assumed to be z(s) = s(7 — s), s € [0, 7], and we choose wy, = 5k2.
The infinite summation in the kernel function is truncated after three terms.

Moreover, we show the approximate solution (solid curve) using a posteriori parameter
choice rule (2.1), which is compared with the exact solution (dashed curve) for § = 1072
in Figure 3.1 and for § = 10~2 in Figure 3.2. In both figures the approximate solutions are
comparable to the exact solution.

4. Regularized solution of backward heat equation in 2D. In this section, we extend
the domain of the heat equation to two dimensions. The backward heat problem for a time-
fractional diffusion equation with a bounded domain 2 in R? and sufficiently smooth boundary
Of2 is written as

B
%U(S,T)ZAU(S,T), sEQCR? 7€(0,T),0<B<1,
-
u(s,7) =0, s€dN, T€(0,T),
u(s, T) = y(s), s€Q,

with 7' = 1. A similar time-fractional diffusion equation with a smooth star-shaped domain in
2D can be found in [16]. In this section we are interested in finding the initial temperature
distribution z(s) = u(s, 0) by solving the integral equation

4.1) /Qk(s, )z (t) dt = y(s),
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where the kernel is

4.2) k(s,0) = > Bsa (=T )pn(s)pn(t)

n=1
with the eigenvalues \,, of the operator —A and the associated orthogonal eigenfunctions
©n € H?(Q) N HE(Q). In (4.2), the Mittag—Leffler function is defined by

oo k

z
E = _—
a:b(2) kz=0 T(ak +b)’ zeC,

where a > 0 and b € R are arbitrary constants. For the domain (2 defined by
Q ={(s1,82) € R? | s1 =7rcosf, so =rsinf, 0<r<1,0<6<2r},

the eigenvalues are A, = (m? + n?)72, for m,n = 0,1,..., and the corresponding
orthonormal eigenfunctions are ¢, (s) = sin(mmsy) sin(nmsy), with s = (s1, s2) € R2

In the following proposition we discretize r € [0, 1] and 0 € [0, 27| by equally spaced
grid points:

,— 1
Ti:(i_l)Ar:h7 2-2172,...7717
. 2r(j—1) .
0, =G —-—1)A0 = ——— =1,2,...,m.
J (] ) m—l ) ] » < , M

PROPOSITION 4.1. Let Y; be an (n x 1) vector [y1; y2j - .. ynj)* for yij = y(ri,0;)
withi =1,2,...,nandj = 1,2,...,m. Forl = 1,2,...,m, the (1 x n) vector K'(s) is
given by

p [le(svrlael) 2T2k(87r2a9l) zrnflk(sarn7176l) rnk(s7rn79l)] )
where p = 1ifl = 1 or m, and p = 2 otherwise. Moreover,

Kfj :Kl(ri,ﬁj) forl,j=1,2,.... mandi=1,2,...,n.

We define the (n x mn) matrix A; as follows:

Ky Ki - Ky
1 2 m
I L e
Ky Kny o K

with j = 1,2,...,m. Then the regularized solution of (4.1) is given by

m —1 m
K1 = Xi — wi (HwkZAJTAj) S AT(A; X - Y)
Jj=1 j=1
fork =0,1,..., k. where k, is a regularization parameter.

Next we compare two stopping rules, our a posteriori parameter choice rule (2.1) and
the discrepancy principle, for a noise level § = 1072 and \ = 8 with different 3 as shown in
Table 4.1. We choose wy, = 0.1k2. The numerical solution for 3 = 0.8 with the a posteriori
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TABLE 4.1
Comparison of the a posteriori stopping rule (2.1) and the discrepancy principle with respect to the absolute
Euclidean error and the number of iterations ks« for \ = 8, § = 1072, and wy, = 0.1k? with different f3.

A posteriori stopping rule (2.1) Discrepancy principle
B8 Error k. Error ks
1.0 0.2046333 3 0.2046333 1
0.8 0.2046340 3 0.2046338 1
0.6 0.2046285 3 0.2046298 1
0.4 0.2046079 3 0.2046145 1
0.2 0.2045625 3 0.2045805 1

stopping rule (2.1) is shown in Figure 4.1(a). The difference between the numerical and the
exact solution for 8 = 0.8 with stopping rule (2.1) is shown in Figure 4.1(b). Figures 4.1(c)
and 4.1(d) show the same but for 5 = 0.2 and displayed in three dimensions (3D).

In this 2D example, our proposed a posteriori parameter choice rule needs more iteration
steps than the discrepancy principle. This may be useful for certain examples since it was
observed and remarked upon in the introduction that the discrepancy principle often stops too
early [1, 2].

1 1 1
08 09 08 0025
0.6 08 0.6 )
0.4 07 0.4 0.02
02 06 02
> 0 05 > 0.015
02 04 02
0.01
-04 03 -04
-0.6 02 -06
0.005
08 0.1 08
0 El
1 0.5 0 05 1 El 05 1
X

)

-1

0.5 0
X
(a) (b)
1
0o 0.03
0025
! 08 0.025
0.8
07 0.02 / 0.02
06 06
1
N oa os N 0.018 0.015
0.2 04 0.01
001
0 03 0.005
-1
-05 - 1 02 [N 0.005
RERN
0 0.5 0.1 _—
_—
05 0 0 " 0s 1
05 0 05 O - 0
x 1 y X 1T -
y
(c) (d)

FIG. 4.1. Reconstruction results for the experiments as in Table 4.1, where wy, = 0.1k? and § = 10~2 are
used. (a) The numerical solution for 3 = 0.8 with the stopping rule (2.1) in 2D. (b) The difference from the exact
solution for 3 = 0.8 with the stopping rule (2.1) in 2D. (c) The numerical solution for B = 0.2 with the stopping
rule (2.1) in 3D. (d) The difference from the exact solution for B = 0.2 with the stopping rule (2.1) in 3D.
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5. Conclusion. In this paper, we show that the optimal order of the Levenberg—Marquardt
method (1.5) is obtained if the a posteriori stopping rule (2.1) is used. The regularized solutions
of the backward heat problem in 1D and 2D are computed for different values of the fractional
order 3. In 1D, the reconstructed solutions with the stopping rule (2.1) and the discrepancy
principle are comparable. Advantageously, the reconstructed solutions in 2D take a few more
iteration steps. In the cases 8 = 0.6, 0.4, and 0.2, the reconstruction errors are somewhat
less. For both examples the Levenberg—Marquardt method provides good results although the
fractional order /3 of the derivative in time is close to unity. It is known that, if 3 is increasing
and close to unity, then the inverse problem is severely ill-posed. A proper regularization
scheme can alleviate this problem [10, 12]. In summary, the numerical examples show that
the iterative regularization method with our new a posteriori stopping rule (2.1) is stable and
not very sensitive with respect to the fractional order 5.
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