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A CONTRIBUTION TO THE CONDITIONING OF THE MIXED
LEAST-SQUARES SCALED TOTAL LEAST-SQUARES PROBLEM*

LINGSHENG MENG'

Abstract. A new closed formula for first-order perturbation estimates for the solution of the mixed least-squares
scaled total least-squares (MLSSTLS) problem is presented. It is mathematically equivalent to the one by [Zhang
and Wang, Numer. Algorithms, 89 (2022), pp. 1223-1246]. With this formula, new closed formulas for the relative
normwise, mixed, and componentwise condition numbers of the MLSSTLS problem are derived. Compact forms
and upper bounds for the relative normwise condition number are also given in order to obtain economic storage and
efficient computations.
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1. Introduction. The standard approaches to solve an overdetermined linear system
Az = b is to find minimal corrections of the matrix A and/or the vector b such that the
corrected system is consistent, such as, for instance, for the least-squares (LS) method, the
data least-squares (DLS) method, and the total least-squares (TLS) method. Rao [9] proposed
the scaled total least-squares (STLS) method that unifies the LS, DLS, and TLS methods. For
agiven A € R™*™ (m > n) and b € R™, based on the work of Rao, Paige, and Strakos [8],
the STLS problem is formulated as follows:

IEIJ{I I[E £z subjectto (A + E)A\xz = \b+ f,

where )\ is a real positive parameter.

However, in many linear parameter estimation problems, some entries of the data matrix
A may contain no errors. For instance, in regression analysis [2], system identification [10],
and signal processing [11], some signals can be observed without error, whereas the other ones
are disturbed by zero-mean white noise. These cases often result from the fact that some of the
columns of A are exact. Hence, to maximize the accuracy of the estimated parameters x, the
case that some of the columns in the data matrix A are error-free whereas others are perturbed
is naturally encountered when estimating a parameter x using the TLS approach. The TLS
problem with some exact columns in the data matrix is known as the mixed least-squares total
least-squares (MTLS) problem.

Let A= [Al Ag] with A; € R™*™1 Ay € R™*™2 and n; + ny = n. Assume that
the columns of A; are known exactly and A is of full column rank. If we partition the vector
v =[z] 7] T with 2, € R™ and 25 € R", then the MTLS problem is stated as

(1.1) ILPH}H[EQ f]HF’ subjectto Az + (A2+E2)ZC2 = b+f

Obviously, if n; = 0, then the MTLS problem becomes the TLS problem, whereas if ny = 0,
then it will reduce to the LS problem. However, the MTLS problem does not involve the
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STLS problem. Based on this observation, Zhang and Wang [13] generalized the MTLS
problem (1.1) as follows:

(1.2) min |[E2 f]|lz,  subjectto Ajzy+ (A2 4 Ex)Aza = Ab+ f.

The authors refer to (1.2) as the mixed least-squares scaled total least-squares (MLSSTLS)
problem. The vector x = x,, satisfying (1.2) is called the MLSSTLS solution.

Condition numbers measure the worst-case sensitivity of a solution of a problem with
respect to small perturbations in the input data. The condition numbers of the TLS problem,
the STLS problem, and the MTLS problem have been studied widely, e.g., by Zhou et al. [16],
Baboulin and Gratton [1], Li and Jia [5, 4], Zheng et al. [14], Wang et al. [12], Zheng
and Yang [15]. Recently, Zhang and Wang [13] studied a closed formula for a first-order
perturbation estimate of the MLSSTLS solution and gave explicit expressions for the condition
numbers of the MLSSTLS problem. We notice that the closed formulas for the normwise,
mixed, and componentwise condition numbers derived in [13] are based on the evaluation of
the norm of a matrix expressed as a Kronecker product, resulting in large matrices, which may
be, as pointed out by the authors, impractical to compute, especially for large-scale problems.
In this paper, we revisit the condition numbers for the MLSSTLS problem. We derive another
different closed formula for the first-order perturbation estimate of the MLSSTLS solution
and show that the formula is equivalent to that in [13]. We also present a compact form for the
condition numbers which allows for a more efficient computation using less storage.

Throughout this paper, we denote by R™*"™ the space of all m x n real matrices and
by || - ll2s || - lloos and || - || 7 the 2-norm, the co-norm, and the Frobenius norm, respectively.
Single vertical bars around a matrix or vector indicate the componentwise absolute value of a
matrix or vector. As usual, I,, denotes the identity matrix of order n, and 0,, , is the m x n
matrix with all zero entries (if no confusion occurs, we drop the subscript). For any matrix

A=lar az -+ an] =[ay] € R™"and C € RP*?, AT denotes the transpose of A,
and the Kronecker product A @ C'is defined as A @ C' = [a;;C] € R"™P*"™%. We define
vec(A) € R™ by vec(A) = [a{ a] -+ a] " i.., by stacking the columns of A.

2. Algebraic properties of the MLSSTLS problem. Let the QR decomposition of
[A b]in(1.1)be

ny n2 1
QT[A b =] Qz}T [A1 Ay b] = milm [ RO11 g;z g;: }

and
ny E ni fT
T _ Fi21 Ty _ f1
Q 2 m—ny E22 ) Q f m—ny f2 )

where Q; € R™*™ and Q, € R™*(m=m1) et o (A) denote the kth largest singular value
of A. If

2.1 6 :=0p,(Rao2) > 0 :=0pyt1 ([Rgg /\Rgb}) >0,
then the MLSSTLS problem (1.2) has a unique solution, and it is equivalent to [13]

@2  min |[E22 fo]|lp»  subjectto (Ro+ Esz)Awa = ARoy + fo
22,J2
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and
(23) Rllxl = )\Rlb — )\ngxg.

Throughout this paper, we assume that the condition in (2.1) holds.
THEOREM 2.1. Let C' = diag(0y,, I,) and D = diag(Al,,, I,,), where O, is the
n1 X ny zero matrix. Then the MLSSTLS solution x4 solves the system

ATA ATo| [D71z]  L[C 0] [D 'z
= e R ]

where o is defined in (2.1).
Proof. The solution x5 of (2.2) satisfies the augmented system

R%;RQQ )\R%;Rgb )\562_ _0_2 )\Ig
ARL,Roy MNRL Ryy| | —1| -1

Combining this with equality (2.3), we have

RERH R{1R12 )\R,ﬂRlb [ T1 0
0 RL Ry  ARLRyy | |Aoa| = 0% [ Ao
0 /\R%RQQ AQRgbRQb L -1 -1

According to the QR decomposition of [A b] and (2.3), the above equality can be rewritten
as

ATA, AT Ay MATH| | Az2| =02 [o 1] A2 |

ATA; ATAy MN2Th| | -1 -1
which is equivalent to
AT A, ATA, ATh 1 0
diag(M,, N2) [ATA; AT A, ATD [D_lﬂ_cﬂ {g ﬂ Ao
vI'A; bTAy  bTh -1

By premultiplying the above equality by the inverse matrix of diag(%In, %) from the left, we

obtain (2.4). 0
REMARK 2.2. According to Theorem 2.1, the unique MLSSTLS solution z,,, can be
expressed as

Tys = D(ATA — 02C) 1 ATb,

which has been derived in [13, Theorem 2.1]. Moreover, the result in Theorem 2.1 reduces to
the result in [6, Theorem 2.1] when A = 1.

Let A = [fll AQ] — A+ AAand b= b+ Ab, where AA and Ab are perturbations of
the input data A and b, respectively. Consider the perturbed MLSSTLS problem

2.5) rhgnr} || [Eg f] HF , subject to Az + (AQ + E9)Axo = b+ f
2,

When the norm ||[[AA  AAb] ||, of the perturbations is sufficiently small, a perturbation
analysis of the singular values can ensure that the perturbed MLSSTLS problem (2.5) has a
unique solution Z,;s. Let the change in the MLSSTLS solution be Az = Zys — 2. In [13,
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Theorem 3.7 and Lemma 3.8], the authors obtained the following first-order expression for
Ax:

Az =[~(DK)@ 1T — (D"'2,)T @ By By]vee ([AA AAb))
+0([[[aa ra0][7),

where

K=(ATA-o’C)"™', r=AD"'z, —b, and
2)\2

By = DK (AT S AN— T rT) :
L+ [[ACxyell3 ~

The following theorem presents a new first-order expression for Ax:
THEOREM 2.3. Let Hy = I, — % and G(z,5) = (D aye)T —1] @ L. If
H [AA MAD]

||F is sufficiently small, then

Az = —DK (ATHoG(z\) + [In @rT  0])vec ([AA  AAD])
+0([[[aa ra0][7).
Proof. To prove this theorem we only need to show that
[-(DK)®@1rT — (D7 'ay )" ® Bx  +B)] = —DK (ATHoG(z,5) + [, @ 0]).
It follows from Theorem 2.1 that

{D—lstr[ATA ATb} {D‘lxm} _ {D—lxmr[c o} {D‘lst}’

-1 b"A  bTh -1 -1 0 %= -1
ie., o2 = % Since 7, = D(ATA — 02C) " AThand r = AD 'z, — b, we
have
2
(2.6) ATr =o%Cx,,. = ¢C’m

AT 4 [Cryg 13T

Consequently, we get

B, = DK (AT > Cz rT>
o L+ [ACa, [
— DK (AT o 2)\2 )\72 + chMs ||%ATTTT>
L+ [ACxy i3 (EdlE
= DKATH,.

Note that for any n x m matrix M,

MiG(wyg) = My ([(D™ aryg)" *ﬂ ® Im)

1 [Xxl(wls) mo Xxl(wsl) m xM( s Y mo (EI(\IS) m. X 7”]
[% M(ls) oo Xll(usl)Ml 11(\451 1)M1 o :[M( s) L =X 1}

= [(D 'z )T @M, —1M].
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Therefore, we have
[—(DK) @1 — (D 'zys)" @ By {Bi]
= [-(D'z )" ® By 1Bx] + [-(DK)®rT 0]
= —-DKA"HyG(z,) — DK [I, @ rT 0]
= —DK (ATHyG(z ) + [In@rT 0]).

We have thus proved the theorem. 0
According to Theorem 2.3 and the following two equalities

G(z,,s) vee ([AA /\Ab]) = ([(D‘lxMS)T —ﬂ ®Im) vec ([AA )\Ab])

B vec(AA
= [(D7'ayg)" @ L —51m) [ )\(Ab )}
— AAD 'z, — Ab
and
I, 1T 0]vec([AA MAB)) = [I, @rT 0 vec(Ad)| _ AATy,
AAb

we can easily get that

[Azf2 (IIDKATIIQIIAllz N IIDK||2IITII2||A||2> 1AAlly | [DEAT|l2[b]l2 [|Ab]-

[ENS PR Al l2usllz l1oll2

which can be found in [13, Theorem 5.1], but our proof is much simpler than the proofs there.

A ||xMSH2

3. Condition numbers for the MLSSTLS problem. According to Theorem 2.3 and
the concepts of the relative normwise condition number <55 ... <, the mixed condition number
Ko s and the componentwise condition number x{. . for the MLSSTLS problem
in [13], we can easily obtain the following theorem:

THEOREM 3.1. Using the notation above, we have

_ DK (AT HoG(ays) + [In@r? O]), [[[A ]|,

(3]) K’?\TLSSTLS - ||1, ||2 9
MS
oy e DK (ATHGLey) + 1@ r™ 0] |vee (A1 AR
: MLSSTLS H.’I;MS || oo )
and
63 e _H|DK(ATHOG(mMS)+[In®rT 0])| vec ([|4]  Alp]])
* MLSSTLS ~— I’MS

REMARK 3.2. In [13, Theorem 4.2 and Theorem 4.4], the authors obtained

M+ Ny [|[A - Ab]

HIMSHQ

win IV Nvee ([JA] MBI

MLSSTLS ~—

I

)

rel _
RyissTtis =

2505 [l oo
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and
- H |M + N|vec ([[A] Ap]])
MLSSTLS ~—
‘rl\IS
oo
with

M = [-(DK)®rT — (D™ 'z, )" @ (DKAT) +DKAT],
N =20DKCz, [N1 N2,

N1 = — (AJ{ [AQ )\b} U)T ® uT,
Ny =o' @ul,

and u, v being the left and right singular vectors of le [AQ )\b] corresponding to o,
respectively. Note that the orders of the matrices DK (AT HyG(z,) + [I, @ rT  0]) and
M + N are both n x (mn + m). Moreover, the matrices D, K, A and the vectors z,,., 7 in
DK (ATHoG(2\) + [In @ 7T 0]) are all used in M. It is distinctive that, unlike for the
above three formulas, our formulas in Theorem 3.1 do not use the Moore-Penrose inverse AI
of Ay, and w and v. In addition, (3.1) reduces to the compact formula for the relative normwise
condition number of the MTLS problem [7, Eq.(3.1)] in the case that A = 1. Whenn; =0
and A = 1, (3.1) reduces to the compact formula for the relative normwise condition number
of the TLS problem [4, Theorem 2].

The formula for the relative normwise condition numbers in Theorem 3.1 involves Kro-
necker products, which might lead to expensive storage and computational costs. In order to
simply the relative normwise condition number of the MLSSTLS problem, we present the
following theorem:

.. T T 1T .
THEOREM 3.3. If we partition the vector x,,, = [JcMSI a:MSQ] with ., € R™ and

Tyse € R™2, then the relative normwise condition number of the MLSSTLS problem has the
following equivalent forms:

34
KiLssTLs
IDK (AT A — ATr(D~Ya, )T — D~V orTA + ||7[31,) KD|,/|[A 0],
- (BN
and
(3.5)
KJ;ZILSSTLS
) 1/2
DK <aATA o Ml ~ 5 P T, D KD| |[[4 ]|
— Sy rl |31, — 2072 g2l ) F
B Hst H2 ’
where o = 35 + ||[D ™t ||3.
Proof. By the properties of Kronecker product, we get
Gl )Gloe)” = (55 + 10" sl ) T

[In ® T 0] (G(st))T = Dill‘MsTT
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and
(L, orT 0] [L,@rT 0] = |r|2L,.
Thus, we have

DK (AT HG(2,s) + [In @17 0]) (ATHoG () + [ @17 0])" (DK)”

(3.6)
= DK (aATA —ATr(D 2y )T — D w T A+ ||r|31,) KD.

Ms

The theorem follows immediately from Theorem 3.1, (2.6), (3.6), and the fact that for any real
matrix L it holds that || L|| = | LLT|Y? O

REMARK 3.4. In (3.1), the matrix DK (AT HoG(z ) + [I, @ rT 0]) is of size
n X (mn + m), while the associated matrices in (3.4) and (3.5) are both of size n X n, which
is more economical with respect to storage. From the aspect of computation efficiency, the
advantage of (3.5) over (3.4) is obvious since it requires less matrix-product operations.

In many applications, an upper bound would be sufficient to give an estimate of the
conditioning of the MLSSTLS solution. According to (3.4) and (2.6), we can easily get the
following theorem:

THEOREM 3.5. Using the notation above, we have

" o? + || Al3 _ _
"iMlLSSTLS < \/)\22 + HAH§||D 1st”% + 02||Cl‘MS||% + 202||D 1$Msl|2||cst||2
IDK 4
H‘TMSHQ

In [13, Theorem 4.3], the authors obtained

IDK|2||[A Ab]

”st”2

. o>+ AIB ||
0 s < T ¢ (302 1 LAl ID 0 L.

Recalling that C' = diag(0,,,, I,,) and D = diag(\l,,,, I,), we have
[Cz 2 = HCD_lstH? < ||D_1$

MS ||2
Hence the bound in Theorem 3.5 is always sharper than the one in (3.7).

4. Numercial experiments. In [13], the authors obtained

W _IMANI[[[A ]|,

MLSSTLS ~

K
[0 2

and
M+ N = [—(DK) @rl — (D_lxMS)T ® By %B,\] ,

where
22
By = DK <AT - Cx TT> ,
1 + ||AO‘rI\IS H% M
M = [-(DK)®rT — (D"'a,)T @ (DKAT) +DKAT],
N = 20’DKCI [Nl NQ] y

MS

MS

Ny = (4f [42 n] U)T®UT, Ny =0T @u”
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and u, and v are the left and right singular vectors of Pz [A2  Ab] corresponding to o,
respectively. Consequently, we can get

4.1) el _ H[_(DK)@rT_(D_lst)T@B)\ %BA]HQH[A )‘b]
* MLSSTLS

I
”st”2

In this section, we report numerical experiments to illustrate that the CPU times using (3.4)
and (3.5) for computing the relative normwise condition number are smaller than when
using (3.1) and (4.1). All the numerical experiments were performed using MATLAB R2016a
with machine precision 2.2204 x 10716,

EXAMPLE 4.1. [13] Consider the MLSSTLS problem (1.2), and let

_ Ay A Alb mx(n+1)
[A b]_Q[O Ago Azb}ER ’

where Q = I,,, — 2yy” with y € R™ being a random unit vector,

A11 = ¢ x eye(20) + triu(rand(20)), with ¢ > 0,
Ajo = rand(20,n — 20), Ajp = ones(20, 1),
Agy = diag((n — 20) : —1: 1) € RIM=200x(n=20) " 5pq

Agy, = [ones(1,n —19) zeros(1,m —n — 1)]T .

In the experiment, we set ¢ = 0.8, m = 600,n = 120,n; = 100. We report the computed
results (denoted by CR) and the elapsed CPU times in seconds (denoted by CPU) for com-
puting the relative normwise condition number £ ..., < by using formulas (3.1), (3.4), (3.5),
and (4.1) for various values of A in Table 4.1 We can see from Table 4.1 that the computed

TABLE 4.1
Computed results and CPU times for the computation of Kyt ssri.s-
A=1e-05 A=5 A=1e+05
G.1) CR | 4.6092e+07 | 4.1959e+03 | 1.7876e+07
CPU 1.4350 1.4366 1.4227
G.4) CR | 4.6092e+07 | 4.1959e+03 | 1.7876e+07
CPU 0.0075 0.0071 0.0065
3.5) CR | 4.6092e+07 | 4.1959e+03 | 1.7876e+07
CPU 0.0044 0.0046 0.0054
@) CR | 4.6092e+07 | 4.1959¢+03 | 1.7876e+07
CPU 1.1077 1.1492 1.1410

results are always equal for the different formulas but the elapsed CPU times using (3.4)
and (3.5) are much smaller than those for (3.1) and (4.1).
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